
Chapter 2Mass, Momentum, and TransportEquationsIn physi
s we are used to fo
using on the behavior of 
losed par
els of matter. In �uiddynami
s it is more produ
tive to 
onsider what happens at �xed lo
ations through whi
hmultiple par
els are 
ontinuously passing. Thus, we 
an de�ne, for instan
e, the densityof mass as a fun
tion of position and time, ρ = ρ(x, y, z, t). This spe
i�es the density ofwhatever par
el happens to be at point (x, y, z) at time t. At some later time it gives thedensity of some other par
el whi
h happens to be at that point at that time. Similarly,the velo
ity of par
els whi
h pass through this point are spe
i�ed by the �uid velo
ity
v = v(x, y, z, t). The physi
al laws governing �uids are expressed through partial di�erentialequations whi
h impose 
onstraints on quantities like ρ and v. A good referen
e on �uiddynami
s is Kundu (1990).2.1 Mass 
ontinuityThe 
onservation of mass is expressed in terms of the mass 
ontinuity equation, whi
h wenow derive. Consider the fa
tors 
ontrolling the mass M inside the 
ube shown in �gure 2.1.
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Figure 2.1: S
hemati
 for 
onsideration of �uid mass 
onservation inside a 
ube.11



CHAPTER 2. MASS, MOMENTUM, AND TRANSPORT EQUATIONS 12Sin
e we are assuming that mass is 
onserved, mass in
reases when �uid �ows into the 
ube,and it de
reases when mass �ows out. If the x 
omponent of the velo
ity on the left fa
e ofthe 
ube is vx(x) and the density there is ρ(x), then the mass per unit time �owing into the
ube through this fa
e is ρ(x)vx(x)L2. The mass �owing into the right fa
e of the 
ube 
ansimilarly be 
omputed as −ρ(x + L)vx(x + L)L2, where the minus sign 
omes from the fa
tthat a positive value of vx there 
orresponds to mass �owing out of the 
ube. The net in�owof mass through these two fa
es 
an therefore be written
ρ(x)vx(x)L2−ρ(x+L)vx(x+L)L2 = −L3

ρ(x + L)vx(x + L) − ρ(x)vx(L)

L
≈ −L3

∂ρvx

∂x
. (2.1)Similar 
onsiderations applied to the y and z fa
es gives us the net �ow of mass into the
ube per unit time, whi
h we equate to the time rate of 
hange of mass inside the 
ube.Relating the mass to the density by M = ρL3, we get

∂ρL3

∂t
= −L3

(

∂ρvx

∂x
+

∂ρvy

∂y
+

∂ρvz

∂z

)

, (2.2)whi
h may be written more 
ompa
tly as
∂ρ

∂t
+ ∇ · (ρv) = 0. (2.3)An alternate form of the mass 
ontinuity equation may be obtained by applying theprodu
t rule to the divergen
e term ∇ · (ρv) = v · ∇ρ + ρ∇ · v:

dρ

dt
+ ρ∇ · v = 0. (2.4)The total derivative is interpreted in this 
ase as the time derivative of the density followinga spe
i�
 �uid par
el. By the 
hain rule

dρ

dt
=

∂ρ

∂t
+

∂ρ

∂x

dx

dt
+ . . . =

∂ρ

∂t
+ v · ∇ρ, (2.5)where dx/dt is the x 
omponent of the velo
ity vx, et
., in this interpretation. The totaltime derivative in �uid dynami
s is sometimes 
alled the material derivative for this reason.An in
ompressible �uid is one for whi
h par
el densities do not 
hange with time, i. e.,

dρ

dt
=

∂ρ

∂t
+ v · ∇ρ = 0. (2.6)A 
orollary of the in
ompressibility 
ondition is that the divergen
e of the velo
ity �eld iszero:

∇ · v = 0. (2.7)An in
ompressible �uid may have spatially varying density. Imagine, for instan
e, o
eanwater with variable temperature and salinity. Ea
h par
el maintains its own density, but aspar
els move around, or are adve
ted, the spatial distribution of density 
hanges. Equation(2.6) allows one to predi
t these 
hanges if the velo
ity �eld v is known.For a homogeneous, in
ompressible �uid the situation is even simpler. Equation (2.6)be
omes trivially satis�ed and only equation (2.7) must be 
onsidered.



CHAPTER 2. MASS, MOMENTUM, AND TRANSPORT EQUATIONS 132.2 Momentum equationAn equation for the velo
ity �eld may be derived in a similar way. The physi
al prin
ipleused here is the 
onservation of momentum. The quantity ρv is the momentum per unitvolume, so 
onsideration of the 
hanges in the momentum inside the 
ube shown in �gure2.1 yield
∂ρv

∂t
+ ∇ · (ρvv) = F, (2.8)where F is the for
e per unit volume on the �uid. Physi
ally, this states that the time rateof 
hange of the momentum in the box equals the rate at whi
h �uid 
arries momentum inand out of the box plus the external for
e exerted on the �uid.A word must be said about the 
ombination vv. This 
ombination of ve
tors is neithera dot produ
t nor a 
ross produ
t. Instead, it is 
alled a dyadi
 produ
t. In matrix form itis written

vv =







vx

vy

vz







(

vx vy vz

)

=







vxvx vxvy vxvz

vyvx vyvy vyvz

vzvx vzvy vzvz





 . (2.9)The 
ombination ∇ · (ρvv) thus be
omes a row ve
tor
∇ · (ρvv) =

(

Ax Ay Az

) (2.10)where
Ax =

∂ρvxvx

∂x
+

∂ρvyvx

∂y
+

∂ρvzvx

∂z
, (2.11)et
.Several di�erent for
es 
ontribute to F , the pressure gradient for
e, the gravitationalfor
e, and an inertial for
e due to the fa
t that the referen
e frame of the earth is rotating:

F = Fp + Fg + Fi. (2.12)Here we ignore vis
ous for
es be
ause they are of little dire
t signi�
an
e to motions in theatmosphere and o
ean.Referring again to �gure 2.1, the pressure exerts an inward normal for
e on ea
h fa
e ofthe 
ube equal to the pressure times the area of the fa
e. The x 
omponent of the for
eon the 
ube is therefore the sum of the 
ontributions from the left and right fa
es, and isequal to L2p(x)−L2p(x+L) = −L3∂p/∂x. Considering 
ontributions from all the fa
es anddividing by the volume L3 yields the pressure for
e per unit volume:
Fp = −∇p. (2.13)The gravitational for
e per unit volume is just the mass density times the gravitational�eld:
Fg = ρg (2.14)The inertial for
e is somewhat more tri
ky to derive. Figure 2.2 shows a Cartesian
oordinate system with the rotation ve
tor of the earth Ω aligned with the z axis. A point

r �xed to the earth moves with velo
ity Ω × r. That the dire
tion of this ve
tor is 
orre
t
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Figure 2.2: Sket
h for understanding a rotating referen
e frame.
an be veri�ed by examination of �gure 2.2 � Ω × r is tangent to a 
ir
le 
entered on the zaxis. The magnitude of this velo
ity is |Ω× r| = Ωr sin θ = Ωrn as expe
ted, where rn is theradius of this 
ir
le. Thus, the velo
ity in the inertial frame vI of something moving relativeto the earth's referen
e frame is
vI = vR + Ω × r, (2.15)where vR is the velo
ity relative to the earth. A similar relationship 
an be veri�ed for thetime derivative of any ve
tor B:

(

dB

dt

)

I

=

(

dB

dt

)

R

+ Ω × B. (2.16)To verify this, simply repla
e r by B in �gure 2.2.Let us now 
onsider the a

eleration of an obje
t at position r. From equation 2.16 thea

eleration in the inertial referen
e frame may be written
aI =

(

dvI

dt

)

I

=

(

dvI

dt

)

R

+ Ω × vI . (2.17)Substitution of equation 2.15 yields after rearrangement
aI = aR + 2Ω × vR + Ω × (Ω × r), (2.18)where aR = (dvR/dt)R is the a

eleration of the obje
t relative to the rotating earth. Thequantity 2Ω × vR + Ω × (Ω × r) is therefore the a

eleration of the referen
e frame of theobje
t. The term Ω × (Ω × r) may also be written (using a standard ve
tor identity) as

−Ω2rn, where rn is de�ned in �gure 2.2. This is nothing more than the standard 
entripetala

eleration of an obje
t rotating with the earth. The other term a

ounts for the fa
t thatthe obje
t may be moving relative to the rotating earth. The inertial for
e per unit massis simply minus the additional terms beyond aR on the right side of equation (2.18). Theinertial for
e per unit volume of �uid is therefore the �uid density times this:
Fi = −ρ(2Ω × vR − Ω2rn). (2.19)We drop the subs
ripted R from the velo
ity for brevity of notation sin
e this is generallythe only velo
ity we deal with in geophysi
al �uid dynami
s.



CHAPTER 2. MASS, MOMENTUM, AND TRANSPORT EQUATIONS 15The gravitational for
e and the se
ond term in equation (2.19) are both derivable from as
alar potential. It is 
ustomary to 
ombine these two terms into an �e�e
tive gravity� witha potential Φ 
alled the geopotential. The net for
e per unit volume from these two terms istherefore
Fe = −∇Φ = ρ(g + Ω2rn) = ρge. (2.20)The 
entrifugal for
e term is small 
ompared to the gravitational for
e, so for most work itis generally ignored and ge is simply repla
ed by g.Substituting these for
es into equation (2.8) results in the �ux form of the momentumequation for geophysi
al �uid dynami
s:

∂ρv

∂t
+ ∇ · (ρvv) + ∇p + ρ∇Φ + 2ρΩ × v = 0. (2.21)The adve
tive form of the momentum equation may be obtained by noting that the �rst twoterms of this equation 
an be split using the produ
t rule into
∂ρ

∂t
v + ρ

∂v

∂t
+ ∇ · (ρv)v + ρv · ∇v. (2.22)The �rst and third terms of this expression 
an
el out by virtue of the 
ontinuity equation(2.3), allowing us to rewrite equation (2.21) as

dv

dt
+

∇p

ρ
+ ∇Φ + 2Ω × v = 0. (2.23)2.3 Atmosphere2.3.1 Dry entropyIn an atmosphere without moisture the ideal gas law for dry air is
p

ρ
= RdT (2.24)where p is the pressure, ρ is the air density, T is the absolute temperature, and Rd = R/md,

R being the universal gas 
onstant and md the mole
ular weight of dry air. If moistureis present there are minor modi�
ations to this equation, whi
h we ignore here. The dryentropy is
sd = Cp ln(T/TR) − Rd ln(p/pR) (2.25)where Cp is the mass (not molar) spe
i�
 heat of dry air at 
onstant pressure, TR is a 
onstantreferen
e temperature (say 300 K), and pR is a 
onstant referen
e pressure (say 1000 hPa).A variable related to the dry entropy is the potential temperature θ, whi
h is de�ned

θ = TR ln(sd/Cp). (2.26)The potential temperature is the temperature air would have if it were 
ompressed or ex-panded (without 
ondensation of water) in a reversible adiabati
 fashion to the referen
epressure pR.



CHAPTER 2. MASS, MOMENTUM, AND TRANSPORT EQUATIONS 16We ignore heat 
ondu
tion and the irreversible produ
tion of entropy, whi
h means thatlatent heat release and radiation (solar and thermal) are the only sour
es of entropy. Thegoverning equation for dry entropy is therefore
dsd

dt
=

Q

TR
, (2.27)where Q = Ql +Qr is the heating rate per unit mass and is 
omposed of latent and radiativeheating parts. Stri
tly speaking the denominator on the right side should 
ontain the a
tualtemperature, but we have repla
ed it by the 
onstant referen
e temperature for the sake ofa 
onsistent approximation. The latent heating at this level of approximation is

Ql = −L
drv

dt
(2.28)where L is the latent heat of 
ondensation, assumed 
onstant here, and rv is the mixing ratioof water vapor.2.3.2 Moist entropyThe moist entropy is de�ned at our level of approximation as

s = sd +
Lrv

TR
(2.29)and the governing equation is

ds

dt
=

Qr

TR
. (2.30)The radiative heating per unit volume ρQr is generally supplied by atmospheri
 radiationmodels. A variable related to the moist entropy is the equivalent potential temperature,de�ned

θe = TR ln(s/Cp). (2.31)2.3.3 WaterIf 
ondensation is o

urring, the water vapor mixing ratio rv is generally quite 
lose to thesaturation mixing ratio rs. The saturation mixing ratio may be written in terms of the ratioof the saturation vapor pressure es(T ) of water divided by the partial pressure of dry air,approximated as the total pressure:
rs =

mw

md

es(T )

p
(2.32)where mw is the mole
ular weight of water vapor.Condensation results in the produ
tion of tiny water droplets typi
ally of order 10−5 min diameter. These droplets are small enough to be 
arried along with the �ow. If these
loud droplets are not 
onverted into pre
ipitation, the sum of the vapor mixing ratio andthe 
loud droplet mixing ratio rc is 
onserved in par
els. This quantity rt = rv + rc is 
alled
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loud water mixing ratio. Conversion into pre
ipitation is the 
oales
en
e of 
louddroplets into larger drops whi
h fall relative to the air. Pre
ipitation 
an also be 
onvertedinto water vapor if it evaporates in sub-saturated air. If P is the net 
onversion rate perunit mass of total adve
ted water into pre
ipitation (with negative values 
orresponding toevaporation of pre
ipitation), then the total adve
ted water obeys the equation
drt

dt
= −P. (2.33)The governing equation for pre
ipitation mixing ratio rr re�e
ts its sedimentation relativeto the air. In �ux form it is written

∂ρrr

∂t
+ ∇ · [ρ(v − wtk)rr] = ρP (2.34)where −wtk is the velo
ity of the pre
ipitation relative to the air. In reality, di�erent sizedraindrops fall at di�erent speeds, and separate equations are needed to follow the evolutionof ea
h rain 
ategory. In this 
ase one must also a

ount for the transfer of raindrops from
ategory to 
ategory as they grow and shrink. Adding i
e to the mix further 
ompli
atesthe treatment. Texts on 
loud physi
s su
h as Byers (1965) and Young (1993) should be
onsulted for more details on this subje
t. For our purposes we will 
onsider only one 
ategoryof pre
ipitation. The governing equation for pre
ipitation may be written in adve
tive formas
drr

dt
−

1

ρ

∂ρwtrr

∂z
= P. (2.35)It is often useful to use the moist entropy and the total adve
ted water mixing ratio asdependent variables in numeri
al models. A problem with this approa
h is that one mustalso infer the dry entropy and the water vapor mixing ratio from these variables. This is notpossible to do dire
tly when the air is saturated. In this 
ase an iterative approa
h using anumeri
al te
hnique su
h as Newton's method is needed.2.3.4 DensityFor atmospheri
 
al
ulations the density must be expressed in terms of the above atmospheri
thermodynami
 variables. We now see in parti
ular how the density 
an be written in termsof the potential temperature and the pressure. Given the ideal gas law and the de�nition ofpotential temperature θ, we 
an easily derive

ρ =
p

Rdθ(p/pR)Rd/Cp
. (2.36)From this we obtain

∇p

ρ
= θ∇

[

Cp(p/pR)Rd/Cp

]

≡ θ∇Π. (2.37)The quantity Π is 
alled the Exner fun
tion. Sin
e the potential temperature 
an be writtenin terms of the dry entropy, substitution of this equation into equation (2.23) results in aform of the momentum equation appropriate for atmospheri
 �ows.



CHAPTER 2. MASS, MOMENTUM, AND TRANSPORT EQUATIONS 182.4 O
eanWe make the approximation that o
ean water is in
ompressible. Under this 
ondition thetemperature of o
ean water only 
hanges when heating o

urs, resulting in the governingequation
Cl

dT

dt
= Q, (2.38)where Q is the heating rate per unit mass in the o
ean. In the interior of the o
ean the only
ontributor to this is solar radiation. At the surfa
e evaporation 
an 
ool the o
ean, but asthis is a surfa
e phenomenon, it requires spe
ial treatment.To the extent that surfa
e 
hanges in salinity are ignored, the salinity (whi
h is essentiallya mixing ratio or mass 
on
entration for salt) obeys a very simple equation:

dS

dt
= 0. (2.39)The density of o
ean water is in general a 
omplex fun
tion of temperature, salinity,and pressure. For purposes of exposition we 
an ignore the dependen
e of this density onpressure, thus allowing o
ean water to be treated as an in
ompressible �uid:

ρ = ρ(T, S) (2.40)O
ean density1 varies over the range 1024 kg m−3 < ρ < 1031 kg m−3.2.5 Referen
esByers, H. R., 1965: Elements of 
loud physi
s. University of Chi
ago Press, Chi
ago, 191pp.Kundu, P. K., 1990: Fluid Me
hani
s. A
ademi
 Press, San Diego, 638 pp.Young, K. C., 1993: Mi
rophysi
al pro
esses in 
louds. Oxford University Press, Oxford,427 pp.2.6 Problems1. Suppose the o
ean salinity �eld has the form S = S0 + Γ(x − vxt) where S0 and Γ arepositive 
onstants. The velo
ity �eld is given by v = (vx, 0, 0), where vx is a positive
onstant.(a) Verify that dS/dt = 0.(b) Compute ∂S/∂x and use this to dis
uss the spatial stru
ture of salinity.(
) Compute ∂S/∂t and explain physi
ally why this is not equal to dS/dt.1A
tually, potential density, whi
h is the density of o
ean water raised adiabati
ally to sea level.



CHAPTER 2. MASS, MOMENTUM, AND TRANSPORT EQUATIONS 192. Consider a wave (type unspe
i�ed) in an in
ompressible �uid, with spatial dependen
eof the velo
ity �eld v = v0 sin(k ·x). The ve
tor v0 is a 
onstant as is the wave ve
tor
k. What 
ondition does mass 
ontinuity impose on v0?3. Given v = (Ax,−Ay, 0) in a homogeneous �uid, where A is a 
onstant:(a) Verify that this �ow is in
ompressible.(b) Sket
h the ve
tor �eld in the x − y plane by drawing ve
tors of the appropriaterelative magnitude and dire
tion on a grid of points.(
) Compute the quantity ρvv as a 3 × 3 matrix.(d) Compute X = −∇ · (ρvv) and sket
h this ve
tor �eld.4. Suppose the verti
al velo
ity �eld in the atmosphere at some height z = h is vz =
W sin(kx) and the entropy �eld is s = S sin(kx + φ), where W , S, φ, and k are
onstants. the upward �ux of entropy through z = h is given by Fs = ρvzs where theoverbar indi
ates averaging in x. Compute Fs and explore how it varies with φ. Youmay assume that the density ρ is 
onstant for this 
al
ulation.


