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The gross moist stability relates the net lateral outflow of moist entropy or moist static energy from an
atmospheric convective region to some measure of the strength of the convection in that region. If the gross
moist stability can be predicted as a function of the local environmental conditions, then it becomes the key
element in understanding how convection is controlled by the large-scale flow. This paper provides a guide
to the various ways in which the gross moist stability is defined and the subtleties of its calculation from
observations and models. Various theories for the determination of the gross moist stability are presented
and its roles in current conceptual models for the tropical atmospheric circulation are analyzed. The possible
effect of negative gross moist stability on the development and dynamics of tropical disturbances is currently

of great interest.

1. Introduction

The gross moist stability (GMS) is the ratio of the vertically
integrated horizontal divergence of some intensive quantity
conserved in moist adiabatic processes and a measure of the
strength of moist convection per unit area. Different authors
have variously used moist static energy (Neelin and Held
1987, who originated the concept), equivalent potential
temperature (Raymond 2000), and specific moist entropy
(Raymond et al. 2007) as the conserved quantity. In addi-
tion, different measures of the convective strength have been
used, including the convective mass flux per unit area
(Neelin and Held 1987), the vertically integrated divergence
of potential temperature flux (Fuchs and Raymond 2007),
and the vertically integrated convergence of water vapor
(Raymond et al. 2007). Though different in detail, these
measures are all roughly equivalent in that the GMS is “a
convenient way of summarizing our ignorance” (Neelin
and Held 1987) about the relationship between convective
forcing and the resulting response of convection.

The purpose of this paper is to develop a careful concep-
tual framework from which to view the GMS so that reliable
measurements of this quantity can be defined. In addition the
role of the GMS in various models and conceptual pictures of
atmospheric convection and precipitation is discussed.
Section 2 introduces basic definitions and motivates the work
that follows. Section 3 develops the theoretical basis for
calculating and measuring the GMS. Section 4 discusses the
relationship of GMS to environmental conditions under
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various hypotheses about the control of precipitation, par-
ticularly in tropical oceanic regions. The role of the GMS in
current conceptual models of the large-scale tropical atmo-
spheric flow is presented in section 5. Section 6 summarizes
results and presents conclusions.

2. Motivation and definitions

To understand why the GMS is important in relating
convection and convective forcing, let us consider the
vertically integrated conservation equations for specific
moist entropy s and total cloud water mixing ratio (vapor
plus advected condensate) r in pressure coordinates, indic-
ating the vertical pressure integral over the troposphere by
square brackets:

Ils] _
E-l—V[vs]—Fs—R (2.1)
% +V:[vr]=E—P. (2.2)

The quantity v is the horizontal wind, F; is the moist
entropy flux due to surface fluxes of heat and moisture, R is
the pressure integral of the entropy sink due to radiative
cooling, and E and P are the surface evaporation rate and the
To whom correspondence should be addressed.

David J. Raymond, Physics Department, New Mexico Tech, Socorro,

NM 87801
raymond@kestrel.nmt.edu

JOURNAL OF ADVANCES IN MODELING EARTH SYSTEMS



2 D. J. Raymond et al.

precipitation rate respectively. In each case we have assumed
that the pressure vertical velocity w is zero at the surface and
the tropopause so that [dws/dp] = 0. Raymond et al. (2007)
defined a particular version of the GMS, denoted the
normalized gross moist stability (NGMS),

TRV ()]

Tr= L[V-(rv)]

(2.3)

where T = 300 K is a constant reference temperature and L
is the latent heat of condensation. The constants Tk and L
are included to convert the entropy and total water
mixing ratio divergences to energy units, thus making I'y
dimensionless.

In a steady state, (2.1)-(2.3) imply that

_ TR(FS_R)

P—E
Ty

(2.4)
which shows that the net precipitation P — E is proportional
to the “entropy forcing” F; — R, and that the smaller the
NGMS, the larger the constant of proportionality. The
entropy forcing is larger for stronger surface heat and
moisture fluxes, which over the ocean result from higher
sea surface temperatures (SSTs) and stronger surface winds.
Similarly, forcing is increased if radiative cooling is
decreased by stratiform cloudiness in the middle and upper
troposphere or an increase in humidity.

Given the above result, the determination of the NGMS
as a function of environmental conditions becomes a prize
worth pursuing. Raymond and Sessions (2007) and
Raymond et al. (2007) used the cloud-resolving model of
Raymond and Zeng (2005) to determine computationally
the NGMS in steady state conditions for various imposed
surface wind speeds and thermodynamic reference profiles.
This model uses the weak temperature gradient (WTG)
approximation to simulate the effect of embedding the
modeled convection in a tropical environment. As the
Coriolis force in the tropics is small, buoyancy anomalies
are rapidly dispersed over a large area by gravity waves,
leading to the WTG approximation that the mean virtual
temperature profile in the convective domain is approxi-
mately the same as that in the surrounding environment.
This is enforced by imposing horizontally averaged adiabatic
cooling which just balances the averaged diabatic heating.
The vertical velocity needed to generate this adiabatic
cooling is called the weak temperature gradient vertical
velocity. This vertical velocity profile is then used to advect
moisture vertically in the convective domain. In addition,
the horizontal velocity field required by mass continuity is
used to entrain moisture from the surroundings where the
horizontal flow is convergent. The characteristics of the
surrounding air are defined by reference profiles of temper-
ature and humidity.

Raymond et al. (2007) calculated I'g for convection in the
WTG model for a range of imposed surface wind speeds and
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reference profiles of temperature and humidity obtained
from a radiative-convective equilibrium calculation with the
same model using 5 m s~ imposed surface wind. Values of
I’y in the range 0.4 — 0.6 were obtained in this calculation.
Raymond and Sessions (2007) extended these calculations to
the case of reference profiles which are more moist and
more stable (slightly warmer aloft and slightly cooler in the
lower troposphere) than the radiative-convective equilib-
rium profile. Both of these reference profile modifications
resulted in smaller values of I'y in the range 0.2 — 0.4.
Increased moisture and decreased instability are character-
istic of convectively active areas of the tropics (Ramage
1971; Cho and Jenkins 1987; Williams et al. 1992), so these
results suggest via (2.4) that more rain is produced for a
given entropy forcing when these conditions hold.

Raymond and Fuchs (2009) divided the NGMS into two
parts based on the identity

[V-(sv)] =[v-Vs] + [sV-v]. (2.5)
Using the mass continuity equation in pressure coordinates

ow
. — =0 2.6
V-v+ o (2.6)
and integrating by parts in pressure, we have [sV-v] =
[(0s/0p]. Substitution into (2.3) results in ' = 'y + 'y
(notation modified from Raymond et al. 2007) where

_ Tg[vVs|
Tu= LIV-(rv)] (27)
and
Iy = _ Lele(0s/op)] (2.8)

LIV-(rv)]

A similar division was made by Back and Bretherton
(2006) in their study of the moist static energy budget in
various regions over the Pacific Ocean. They referred to
their analogs of I';; and I'y as the horizontal advection and
vertical advection components, and found that both terms
played significant roles in determining the moist static
energy distribution. Raymond and Fuchs (2009) came to a
similar conclusion for both the results of a toy tropical
model and for the final analysis (FNL) produced by the
National Centers for Environmental Prediction (NCEP).
This is in contrast to the assumption of Neelin and Held
(1987) that the horizontal advection term is not important.

Yu et al. (1998) estimated the pattern of GMS over the
tropical regions using global analyses, concluding that it was
modestly positive. However, these results must be viewed
with some caution because the vertical pressure velocity
profile was not obtained from observation, but from a
version of the Betts-Miller convective parameterization
(Betts 1986) which produces a vertical velocity structure
consistent with the quasi-equilibrium hypothesis of
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Emanuel et al. (1994). Since the term ds/dp in the numerator
of (2.8) changes sign with height, the vertical pressure
integral [w(0s/0p)] is a sensitive function of the form of
o(p) (e. g., Sobel 2007). There is no guarantee that the
Betts-Miller (or any other) parameterization provides w(p)
with sufficient accuracy to produce a reliable estimate of
[w(0s/0p)]. In addition, these authors included only the
vertical advection part of the vertically integrated moist
static energy flux divergence, ignoring their analog of I'y.

Back and Bretherton (2006) found that the vertical advec-
tion term tended to be negative in the east Pacific inter-
tropical convergence zone and positive in the west Pacific
warm pool, reflecting systematic differences in the vertical
profiles of vertical velocity between the two regions. The
horizontal advection term was positive in all rainy regions.
The sum of the two tended to be uncertain in sign in the east
Pacific, but positive in the west Pacific. Though more
realistic than the study of Yu et al. (1998), the dependence
on analysis vertical velocities nevertheless justifies some
skepticism, given that global analyses inject model preju-
dices in data-sparse regions such as over tropical oceans.

Raymond and Fuchs (2009) calculated the NGMS in the
western Pacific and eastern Indian Ocean using FNL data.
As Back and Bretherton (2006) found, both the vertical and
horizontal advection terms obtained from the FNL were
positive in this region. However, the results obtained using
the equatorial beta plane model of Raymond (2007) were
quite different, with generally positive ' and negative I'y,
averaged over the Indo-Pacific warm pool. It was hypothe-
sized that the ability of the equatorial beta plane model to
produce a robust Madden-Julian oscillation (MJO) was
related to the negative values of I'y occurring in the model,
1. e., to negative GMS as classically defined by Neelin and
Held (1987). Support for this hypothesis comes from the
FNL results, since the Global Forecast System (GFS) model
of NCEP, which shares model physics with the FNL,
produces an unrealistically weak MJO.

It is clear from the above comments that accurate mea-
surement of the GMS over tropical oceans is a formidable
problem, primarily because the vertically integrated vertical
entropy (or moist static energy) advection is subject to large
cancellations which leave a residual of uncertain sign.
Sufficient sounding and airborne Doppler radar measure-
ments were made in the Tropical Oceans Global Atmosphere
Coupled Ocean Atmosphere Response Experiment (TOGA
COARE; Webster and Lukas 1992) to estimate the numerator
of T'y, i. e, [w(0s/0p)] (Lopez and Raymond 2005).
Depending on the humidity of the troposphere, it was found
that different convective regimes imported or exported moist
entropy (or moist static energy); lower humidity environ-
ments tended to import these variables, whereas export
occurred with higher humidity.

In addition, various measurement strategies highlight
difficulties with how to define GMS. In particular, sparse
sampling keeps us from knowing the wind and moist

entropy structure in sufficient detail to calculate the
NGMS at every point, and horizontal averaging inevitably
must be introduced. The horizontal averages of [V-(sv)] and
[V-(rv)] are individually amenable to measurement, since
the average value of each can be obtained from measure-
ments on the boundary of the averaging domain due to their
form as divergences. However, the average of their ratio,
which makes up the NGMS, is not amenable to this
simplification. Thus, the “averaged” NGMS is best calcu-
lated by first averaging horizontally the vertically integrated
horizontal flux divergences and then taking the ratio, and
not the reverse.

Finally, different cumulus parameterization schemes in
large-scale models may inadvertently result in values of the
GMS which either preclude or over-emphasize certain
processes. Adjusting these schemes to reproduce the actual
patterns of GMS in the tropical environment should go a
long way toward improving the quality of large-scale model
forecasts in the tropics.

3. Theoretical basis

In this section we present various ways of calculating
and measuring the NGMS. In most cases it is necessary
to perform a certain amount of averaging to arrive at a
stable estimate of the NGMS. However, averaging must
be done carefully for the averaged quantity to make
physical sense. Prescriptions for appropriate averaging are
presented in this section. In addition, the advantages and
disadvantages of various choices for the quasi-conserved
thermodynamic quantity used in the definition of NGMS
are discussed.

The source term on the right side of (2.1) includes all
non-isentropic processes, the most prominent of which are
the emission and absorption of thermal and solar radiation
and the diffusion of heat and moisture into the atmosphere
from the surface. However, an often-neglected component
of this source term is the irreversible generation of entropy.
Pauluis and Held (2002a) find that the primary mechanisms
for this effect are irreversible phase changes and the dif-
fusion of water vapor, with frictional dissipation playing a
relatively small role.

The moist entropy is conserved by definition in slow,
moist and dry adiabatic processes. The same cannot be said
for the moist static energy (Madden and Robitaille 1970;
Betts 1974). The reason is that the conservation of moist
static energy depends on the hydrostatic approximation,
which is not precisely valid when applied to a moving,
accelerating parcel. Though deviations from hydrostatic
balance may be small, the error accumulates. For steady
flow, the moist Bernoulli function, which equals the moist
static energy plus the specific parcel kinetic energy, is
conserved. If the flow is not steady, then even this conser-
vation principle is lost (Lopez and Raymond 2005); we
know of no general parcel conservation principle for the
moist static energy or Bernoulli function.
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In practice the non-conservation of moist static energy is
relatively small in moist adiabatic motions in the atmo-
sphere, and the difference between the moist entropy and
moist static energy budgets is often negligible (Lopez
and Raymond 2005). However, in principle the non-
conservative behavior of the moist entropy can be calculated
in numerical models (Pauluis and Held 2002b), whereas the
same cannot be said for the moist static energy. Thus, we
mildly prefer to use the former in the definition of GMS,
even though we do not attempt to calculate the irreversible
generation of entropy here.

3.1. NGMS over a region

The NGMS when calculated from a snapshot of a single
cumulus cloud is meaningless, as the flux divergences of
entropy and water vapor on this scale are very noisy. In
order to derive a stable quantity, significant averaging in
space is necessary. As noted above, the only useful way to do
this is to average separately over the numerator and denom-
inator of I'y (2.3). For instance, if the over-bar indicates
horizontal averaging over some spatial area A, then

-3 v

1
=— H; sv-ndl}
A lJea

where 0A is the periphery of area A and n is the outward
horizontal unit normal to JA. Equation (3.1) and its analog
for water vapor can be used to define a meaningful average
NGMS over the area A:

Tr=— [TR 1;5[1 sv-ndl} / {L %@A rv-ndl} . (32)

The virtue of this mode of averaging is that 'y requires
knowledge of s, r, and v only along the periphery of the
area, 0A. Thus, T'g could be determined for a cluster of convec-
tion solely by dropsonde measurements around the cluster.

Note that I'yand I'y cannot be treated in the same way as
I'z, as in neither case is the numerator in the form of a
horizontal divergence. However, s can be split into an
average value around the periphery at each pressure level
5(p) and a perturbation s* from this value. Substituting
this into (3.2) results in a corresponding split of Ty into
symmetric and asymmetric parts, I’y ='s+1I'4. Using the
mass continuity equation in pressure coordinates (2.6),
reverting to the area integral, and integrating by parts in
pressure, we have

[s=—ATy [wg—;]/[gfm rv~ndl] (3.3)

where  is the pressure vertical velocity averaged over the
area A. The quantity d@/dp is obtained by applying the

(3.1)
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divergence theorem to the mass continuity equation:

o _ ljlé vndl. (3.4)
ap AJoa

Thus, even though @ is an average over A, it is derived
from values of the horizontal velocity on the periphery JA.
The quantity ['s resembles the unaveraged vertical advection
component of NGMS, T'y (2.8). It is therefore similar, but
not identical, to the original definition of GMS, but is in a
form which can be derived from measurements solely on the
periphery of a convective system.

The other component of Iy is simpler,

[y=— {TR £A s*v-ndl} / {LﬁA rv-ndl} (3.5)

The quantity T'4 is only non-zero when the convection
inside area A is not statistically axisymmetric. Lack of
axisymmetry is typically the result of non-zero wind relative
to the area A containing the convection. This wind blowing
through the convective region is likely to entrain higher
entropy air from the convection, resulting in negative s* on
the inflow side and positive s* on the outflow side. It thus
represents the effects of ventilation, which in many
circumstances makes it similar to the unaveraged hori-
zontal advection term I'j,.

The quantities I's and T4 are useful for determining the
properties of isolated disturbances such as tropical cyclones.
Since such disturbances are generally moving, it is appro-
priate to define v as the wind field relative to the reference
frame moving with the disturbance. Marin et al. (2009) used
this technique to monitor the characteristics of tropical
storms as represented by the NCEP Global Forecast
System (GFES) model.

3.2. NGMS in models

In large-scale models the wind and thermodynamic fields
are effectively low-pass filtered by the finite grid resolution.
Defining this low pass filtering by angle brackets, the
entropy and velocity can be split into filtered and residual
parts s = <s> + s’ and v = <v> 4 v’ and the filtered
entropy flux divergence can be written in the usual way,
<V :(sv)> =V ' (<s> <v>)+ V - <s'v'>, where we
make the Reynolds decomposition assumptions that
<s'<v>> = 0, etc. It is not obvious in the real world that
one can neglect V - <s'v'>. However in models, terms like
this are almost universally ignored, so they must be excluded
from model diagnostics as well. It is thus appropriate to
drop the angle bracket notation and consider s, r, and v to be
implicitly smoothed to the grid scale.

Spatial averaging of [V - (sv)] in this case has an
interpretation in terms of lateral entropy fluxes in and out
of the averaging domain, as discussed in section 3.I.
However, as noted in that section, spatial averages of the
individual components of the vertically integrated flux
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divergence as defined by (2.5) do not. Over all, it is probably
more physically justified to employ the procedure outlined
in section 3.1 when spatial averaging is applied. However, if
the averaging is done over a relatively homogeneous region,
then the difference between the two methods is likely to be
small, since the average of moist entropy over the periphery
of a region 5 in (3.3) is not likely to be too different from the
average of s over the region itself in (2.8).

3.3. Averaging over time

An alternate form of the above Reynolds decomposition
which should be valid for both observational data and
models is to take the averaging to be over time. In this case
the total moist entropy flux divergence is considered to
consist of a part constructed solely from the timemean
variables plus a part constructed from the fluctuating parts
of the velocity and entropy fields. In time averaging the
latter generally cannot be ignored. However, to the extent
that the Reynolds decomposition is valid, these parts of the
entropy flux divergence can be considered independently.

4. The GMS and environmental conditions

The GMS becomes an interesting tool only if it is a knowable
function of environmental conditions. In this section
various hypotheses for the behavior of the GMS (and the
NGMS) are explored. In addition, the differences between
the GMS in steady and non-steady conditions are indicated.
Finally, the co-evolution of GMS and precipitation rate and
the possible development of multiple equilibria given the
same external forcing are discussed.

4.1. Neelin-Held (1987) model

Neelin and Held (1987) in their seminal paper on the GMS
postulated that the low level convergence, and hence the
convection and precipitation in their two-layer model, was
proportional to the moist static energy forcing (surface
minus tropopause moist static energy flux) divided by their
original definition of GMS, which they expressed as the
upper tropospheric minus the lower tropospheric moist
static energy. The SST governs the lower tropospheric moist
static energy in their model on the assumption of fixed sea-
air temperature difference and fixed relative humidity. Their
postulate was used to explain the sensitivity of convection to
SST, particularly at the upper end of the SST range. The
Neelin-Held (1987) postulate may have some continuing
value in explaining tropical precipitation climatology, but it
fails on a day-to-day basis due to its inability to account for
the high observed variability in convection and precipitation
over regions of elevated SST.

4.2. Raymond (2000) hypothesis

Raymond’s (2000) hypothesis that precipitation over warm
tropical oceans is a function solely of the column relative

humidity or saturation fraction (precipitable water divided
by saturated precipitable water) provides an alternative
model for the forcing of precipitation. Given this hypo-
thesis, the problem of precipitation forcing reduces to
understanding the laws governing saturation fraction.

At the time, Raymond’s hypothesis was little more than a
guess, but subsequent results provide significant support for
the hypothesis over space and time scales of order 100 km
and a large fraction of a day. Various cloud-resolving models
show a strong sensitivity of average precipitation rate to
tropospheric humidity (Lucas et al. 2000; Derbyshire et al.
2004; Raymond and Zeng 2005) as do satellite observations
using passive microwave imagery (Bretherton et al. 2004;
Peters and Neelin 2006) and conventional sounding and
radar data (Raymond et al. 2007; see figure 1). The cloud
resolving model results of Raymond and Zeng (2005) are in
reasonable agreement with these observations, as the curve
in figure 1 shows. (The non-zero precipitation rates
inferred for soundings with low saturation fraction are
spurious and are due to incorrect conversion of infrared
brightness temperature to precipitation rate with the simple
formula used by Raymond et al. 2003.)

Back and Bretherton (2005) showed that saturation
fraction is not the only factor governing precipitation. In
their study, for particular saturation fraction values, precip-
itation rate increases with increasing surface wind speeds
and associated surface heat and moisture fluxes. Generally,
we expect convection also to have some dependence on
measures of column stability such as convective available
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Figure 1. Infrared brightness temperature and inferred precip-
itation rate versus saturation fraction computed from soundings
in the east Pacific and the southwest Caribbean. Precipitation
rate was inferred from a calibration of satellite infrared bright-
ness temperatures using airborne meteorological radar data. The
cloud resolving model curve is a fit to the results of Raymond
and Zeng (2005). Adapted from Raymond et al. (2007).
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potential energy and convective inhibition, as it does in
typical convective parameterizations used in climate models.
However, at least for the purposes of first order qualitative
theories of large-scale variations of deep convection over
warm tropical oceans, it may be fair to say that the variation
in saturation fraction is the dominant contributor to the
variation in precipitation rate.

The steepness of the relationship between precipitation
rate and saturation fraction in the cloud-resolving model
can be related to the dependence of both rainfall and
saturation fraction on the external control parameters which
determine the occurrence and intensity of convection in the
model. SST and surface wind speed are typically used as
such control parameters in WTG simulations (Raymond
and Zeng 2005; Raymond et al. 2007). For fixed SST, we
therefore write

dp _dp/dU (4.1)
ds — ds/du '

where P is the precipitation rate, S is the saturation fraction,
and U is the boundary layer wind. As figure 2 shows, in this
model the saturation fraction increases with imposed wind
up to winds of order 7 m s~' and then approaches an
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Figure 2. Results of WTG calculations with cloud resolving model
on 50 km and 512 km domains. (a) Precipitation and evaporation
rate in equilibrium as a function of imposed wind speed. (b) Mean
equilibrium saturation fraction in model domain as a function of
imposed wind speed. Adapted from Raymond (2007).
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asymptotic value near 0.87 for higher wind speeds. As a
result dS/dU approaches zero, which means that dP/dS
becomes very large, as illustrated in figure 3. In essence,
the model is maintained in a state of conditional instability
by the WTG condition and the increase in saturation
fraction reduces the threshold for the initiation of convec-
tion, allowing almost arbitrarily large precipitation rates to
occur, which in turn acts to limit the further growth of
saturation fraction. The agreement between the CRM and
observation in figure 1 suggests that the asymptotic limit on
saturation fraction occurs in the natural world as well. (See
also the work of Peters and Neelin 2006.)

Raymond’s (2000) analysis depends on a knowledge of the
GMS. Raymond et al. (2007) and Raymond and Sessions
(2007) showed how to infer the NGMS from a cloud resolving
numerical model run in weak temperature gradient mode
(Sobel and Bretherton 2000; Sobel et al. 2001; Raymond and
Zeng 2005). However, these model results provide little
physical insight into the processes governing the NGMS. The
boundary layer quasi-equilibrium (BLQ) model of Raymond
(19955 see also Emanuel 1995) casts light on this problem.

4.3. Boundary layer quasi-equilibrium

In Raymond (1995) and Emanuel (1995) the boundary layer
is maintained on the verge of convection by a balance
between surface latent and sensible heat fluxes which
increase the moist entropy of the boundary layer on one
hand, and convective downdrafts, clear air entrainment into
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Figure 3. Precipitation rate as a function of saturation fraction in
Raymond (2000) conceptual model (solid line), the Raymond and
Zeng (2005) CRM results (bullets), and a new conceptual model
adjusted to fit the Raymond-Zeng results (dashed line; also
shown in figure 1). Adapted from Raymond et al. (2007).
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the boundary layer, and direct radiative cooling on the other
hand, which decrease it. The downdraft flux, thus specified,
implies a certain updraft flux, convective coverage, and
mean precipitation rate, given a cloud physical model of
how these quantities are related. BLQ thus in principle
contains all the ingredients needed to determine the GMS
in any of its many forms.

BLQ analyzes the conservation equation for the moist
entropy perturbation s — s,

L=l 95—y o
s—sp)o] _ '
i [ ap :|B et

integrated over a control volume of the planetary boundary
layer (PBL) as illustrated in figure 4. The quantity s, is a
constant reference specific moist entropy characteristic of
the planetary boundary layer (PBL) in our idealized picture,
F; is the surface flux of specific entropy associated with
surface heat and moisture fluxes, and R, is the pressure
integral of radiative cooling in the PBL. The square brackets
with a subscripted B indicate integration in pressure over
the PBL.

In this idealized picture both the air flowing laterally into
the control volume and the air rising out of the top in
convective updrafts have s = s,. Thus, integrating (4.2) over
the control volume and applying the divergence theorem
results in approximately zero contribution from the lateral
inflow and the updraft outflow. Observations in the east
Pacific intertropical convergence zone indicate that this is
not a bad approximation (Raymond et al. 2006).

The quasi-equilibrium assumption of BLQ requires that
the time derivative in (4.2) be dropped. Thus, we end up

FREE TROPOSPHERE

my my

A Sp —As

PBL |Sb

b
R S B S S
Figure 4. Sketch of mass flows and entropy transports in
boundary layer quasi-equilibrium. The updraft and downdraft
mass fluxes are m, and my. The surface entropy flux is F,. The
planetary boundary layer (PBL) has entropy approximately equal
to s, and laterally inflowing air and outflowing updraft air both
carry this specific entropy value as well. Downdraft air has
specific entropy s, — As.

b

with a balance primarily between convective downdrafts
and surface moist entropy fluxes, ignoring the contributions
of radiation in the PBL and clear air entrainment from
above the PBL. These terms must be included in a quantita-
tively accurate accounting for the moist entropy budget,
but are relatively minor contributors in convectively active
regions.

The updraft and downdraft mass fluxes through the top
of the PBL are m,, and m, and they are assumed to vary in
proportion,

mg = am,, (4.3)

with a proportionality factor a which depends on the
response of the convection to the prevailing environment.
The entropy flux out of the boundary layer due to down-
drafts entering the PBL is m As where s, — As is the specific
entropy of downdraft air. Clear air entrainment into the
boundary layer is also included in the term m,As. We equate
this to the surface moist entropy flux F; according to the
above approximations and infer that

my=mg/a=F;/(aAs). (4.4)

The flux of moisture out of the top of the boundary
layer is m,r, — myry where r;, is the mixing ratio in the PBL
and ry; = r, — Ar is the mixing ratio of air entering the PBL
from above in downdrafts. If the temperature anomalies in
the updraft and downdraft are not large, as is typical above
the surface, then the mixing ratio deficit of air entering the
boundary layer is related directly to the moist entropy deficit
Ar = TrAs/L and the precipitation rate P can be written

P=¢(mry+myaTrAs/L) (4.5)

where the net mass flux m = m, — my; = my(1 — a)/a and
where we have made the assumption that the precipitation
rate is proportional to the moisture flux upward out of the
boundary layer. The constant of proportionality ¢ is a kind
of precipitation efficiency. Since moisture can be converged
into the column above the PBL, it is possible that ¢ > 1.
However, ¢ is less if some fraction of the moisture converged
at low levels is not rained out, but is ejected laterally from
the column as vapor or advected condensate. As the pre-
cipitation rate is observed to be a strong function of the
saturation fraction S, we incorporate a large part of this
dependence into ¢ by making &(S) asymptote rapidly toward
zero for saturation fractions less than, say, 0.7 (see figure 3).
In a steady state we use (2.4) to infer the NGMS,

_ Tr(F,—R)

= (4.6)

Over warm tropical oceans the latent heat flux dominates
the sensible heat flux, so that

LE~ TyF.. (4.7)
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We define the variable

TrA
o= R (4.8)
Lry,

as a dimensionless downdraft entropy deficit and note that
o « 1 since the mixing ratio deficit Ar = TRAs/L is typically
much less than the PBL mixing ratio r,.

Putting all of this together results in an estimate for the
NGMS in terms of the dimensionless parameters a, &(S), g,
and R/F,,

(1—R/F;)ac

Te= &S)(1—a+ag)—ac’ (49)

We note several features of this equation:

1. Downdrafts are key to the control of convection in BLQ,
and eliminating the downward transport of low entropy
air into the PBL by setting either the downdraft-updraft
mass flux ratio a or the dimensionless downdraft
entropy deficit ¢ to zero results in 'z = 0.

2. Two regimes exist, one with F; < R the other with F, >
R. The former corresponds to negative entropy forcing
of the troposphere and requires the lateral import of
entropy in the steady state. The latter regime corre-
sponds to positive entropy forcing and exports entropy
laterally. Negative entropy forcing generally corresponds
to weak surface winds and corresponding weak surface
fluxes, while positive entropy forcing occurs for strong
surface winds.

3. Since a stable equilibrium state generally requires I' > 0,
a steady weak surface wind regime requires the denom-
inator of (4.9) to be negative, i. e., ¢ < ag/(1 — a + ag),
while the reverse condition holds for the strong
surface wind regime. Thus, stability requires low
precipitation efficiency for light winds and high pre-
cipitation efficiency for strong winds. The exception
to this rule occurs for the case of a dry troposphere
with no rain and strong winds. In this case ¢ = 0 and
I'r = = (1 = R/F;) < 0 as discussed previously.

Recent work suggests that BLQ does not hold for certain
rapidly moving wave disturbances such as convectively
coupled equatorial Kelvin waves. Raymond and Fuchs
(2007) showed that modulation of convection in such
modes can be explained by wave-related adiabatic lifting
of the capping layer just above the PBL. Furthermore,
Roundy and Frank (2004) showed that relative to other
types of tropical disturbances, the Kelvin wave signal is
much weaker in precipitable water than in outgoing long-
wave radiation. This points to an alternative convective
forcing mechanism for these waves, which does not depend
as strongly on saturation fraction.

4.4. Transient flows

If the precipitation rate and the tropospheric humidity are
changing with time, then we need to include the possibility

JAMES

Vol. 1 2009

stage 1 stage 2 stage 3

Figure 5. Schematic illustration of the stages of evolution of the
onset of convection in a control volume. See text for further
explanation.

that the NGMS is also changing. Figure 5 illustrates how
the flows and transports respond to the step function
development of convection in a control volume such as that
considered in section 3.1. In stage 1 the compensating
subsidence from the newly formed convection occurs loc-
ally, and no signal reaches the walls of the control volume.
In stage 2, the compensating subsidence signal, which moves
rapidly outward at the speed of gravity waves with vertical
scale equal to that of the convection (Bretherton and
Smolarkiewicz 1989), has passed through the walls of the
control volume. This means that the lateral flows associated
with convective convergence and divergence now penetrate
the control volume walls. However, the actual air detrained
by the convection, which typically moves outward much less
rapidly than the gravity waves, has yet to reach the walls.
This air may come from the anvil outflow, boundary layer
downdraft outflows, or mid-level detrainment (see e. g.,
Raymond and Blyth 1986). Finally, in stage 3 both the
convergent and divergent flows and the material outflows
from the convection have reached the walls and the interior
of the control volume approaches a statistically steady state.

The above picture is over simplified in some respects. The
gravity waves emitted laterally by convection exhibit a
vertical spectrum with a mixture of deep and shallow scales.
Since the hydrostatic gravity wave propagation speed is
proportional to the vertical scale, the wave response at the
control volume boundary will only gradually come to reflect
the true vertical profile of convergence and divergence in the
convection, and the propagation speed of the waves with
shorter vertical wavelengths may be less than the speed with
which material outflows advance. This may be particularly
true in a sheared environment where the environmental
flow relative to the convection can transport convectively
modified air rapidly away from the convective region. This
picture nevertheless provides a rough guide to what happens
under many circumstances, especially for tropical convec-
tion where the shear is often small.

In stage 2 the vertical profile of entropy averaged around
the periphery of the control volume of interest 5(p) is that
characteristic of the flow previous to the change in convec-
tion except for the possible effects vertical displacements due
to the passing subsidence wave, while @(p) represents the
mean pressure vertical velocity profile after the change.
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Figure 6. Schematic diagram of a typical tropical profile of moist entropy (middle panel) and its pressure gradient (right panel) with the
entropy of a lifted parcel illustrated. Two typical mass flux profiles are illustrated (left panel), a convective profile with a low-level

maximum and a stratiform profile with a high-level maximum.

Thus, 5(p) in stage 2 may represent an entropy profile quite
different from that which would ultimately result in stage 3.
The same holds for the mixing ratio on the periphery of the
control volume, which is used in the denominator of the
NGMS to compute moisture convergence.

Focusing our attention on the vertical advection part of
the NGMS (3.3), we note that the crucial element of this
calculation is the estimate of [@(d5/0p)]. Since the moisture
divergence is generally negative in convectively active
regions, the sign of ['y will follow the sign of [@(d5/dp)].

Figure 6 shows a typical profile of moist entropy in the
tropics as well as mass flux profiles characteristic of con-
vection and stratiform conditions respectively. The convect-
ive profile has a maximum vertical mass flux at low levels
while the stratiform mass flux maximum occurs at upper
levels in the troposphere (Mapes and Houze 1995). In the
convective case — @ is therefore largest at low levels where
05/3p >0, which means that [@(J5/0p)] <0, i. e., the lateral
flow imports entropy into the control volume containing
the convection, and the NGMS is negative. Conversely, — @
is largest at upper levels in stratiform rain areas where
05/0p <0, which means that NGMS is positive in this case,
and lateral flows export entropy (Sobel 2007). Other things
being equal, convective precipitation therefore tends to
increase the saturation fraction of the column in which it
is embedded, assuming that the temperature profile remains
unchanged, while stratiform precipitation tends to decrease
the saturation fraction.

4.5. Multiple equilibria

Raymond (2000) showed how the precipitation in a con-
vectively active region would evolve for the case of positive
GMS. Figure 7 illustrates the relaxation of precipitation
toward a stable equilibrium rate in this case, irrespective
of its starting point.

For negative GMS the behavior is more complex. As
noted in section 2, Lopez and Raymond (2005) used sound-
ing and airborne Doppler radar observations to document

convective and stratiform mass flux profiles over the west
Pacific warm pool and to determine the conditions in which
convective and stratiform regimes were respectively dom-
inant. The key parameter turned out to be the saturation
deficit, which can be re-expressed as the saturation fraction,
assuming a fixed temperature profile. Convective regimes
tended to be associated with smaller saturation fractions
than stratiform regimes and were demonstrated to import
moist entropy, thus exhibiting negative GMS. Stratiform
regimes showed the reverse behavior.

Figure 8 shows how the existence of NGMS which
changes from negative to positive as the saturation fraction
increases modifies the picture of precipitation evolution
developed by Raymond (2000). Instead of a single stable
solution, one would expect instead an unstable equilibrium
solution in the negative NGMS region and a stable solution
where NGMS is positive. The resulting evolution of precip-
itation rate with time is illustrated by three trajectories
labeled A, B, and C in figure 8. Trajectory A starts out with
precipitation and saturation fraction less than the unstable
equilibrium values. The precipitation rate evolves toward
zero in this case. Zero precipitation rate thus constitutes a

stable equilibrium

rainfall rate
uonoely UoneINIEs

NGMS >0

time

Figure 7. Evolution of the precipitation rate and saturation
fraction in an environment where NGMS everywhere positive.
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Figure 8. Possible evolution of the precipitation rate and
saturation fraction in an environment where NGMS is a function
of saturation fraction.

stable equilibrium solution. Trajectories B and C both begin
with precipitation rates and saturation fractions in excess of
unstable equilibrium values and evolve toward the upper
stable equilibrium point. The result is a bistable system, with
two stable equilibrium states, a humid, high precipitation
state with positive NGMS and a dry, zero precipitation state
with negative NGMS, separated by an unstable equilibrium
state. Sobel et al. (2007) demonstrated this type of behavior
in a single column model of the atmosphere using a
cumulus parameterization.

Note that for high precipitation rates where the NGMS is
positive, the precipitation itself acts to limit the saturation
fraction, since positive NGMS corresponds to the lateral
export of moist entropy. Furthermore, for fixed NGMS,
heavier precipitation implies more entropy export. Given
the steepness of the precipitation rate as a function of
saturation fraction, this negative feedback on saturation
fraction is likely to be quite “stiff”, with little likelihood
that saturation fractions above some critical value will
occur.

5. The GMS and large-scale flows

The GMS comes into many conceptual models of large-scale
flow in the tropics. In this section we discuss a number of
such models, showing how the GMS plays different roles in
different circumstances.

5.1. Statistical quasi-equilibrium models

Emanuel et al. (1994) presented arguments for the so-called
statistical quasi-equilibrium model of interactions between
moist convection and the large-scale flow. This model
appeared in its original and simplest form in Emanuel’s
(1987) paper on intraseasonal oscillations. In that paper the
temperature profile of the atmosphere is assumed to be that
of a moist adiabat with saturated moist entropy equal to that
of the moist entropy in the boundary layer. The boundary
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layer entropy is determined by budget considerations for
entropy over the entire troposphere, since convection is
assumed to redistribute entropy vertically in an infinitely
short time. Contributors to the entropy budget are surface
entropy fluxes, radiative losses, and zonal advection by the
mean zonal wind. On an equatorial beta plane with mean
surface easterlies, this model produces an unstable, east-
ward-moving equatorial mode as well as a number of off-
equatorial modes. We will focus on the equatorial mode.
Both the growth rate and the propagation speed of this
mode depend primarily on the horizontal wavenumber and
the strength of the mean easterlies. Examination of
Emanuel’s (1987) governing equations show that his modes
reduce to neutral Matsuno (1966) modes with zero equi-
valent depth (or zero effective stratification) in the absence
of mean zonal flow and radiative damping.

Emanuel et al. (1994) expanded the reasoning in Emanuel
(1987) in two fundamental ways. First, a lag of order an
hour or two between convective forcing and response was
introduced. This by itself damps modes. Second, convection
was assumed to provide an additional negative tendency on
the boundary layer entropy in comparison to Emanuel
(1987). Conceptually, this was related to the transport of
low entropy air into the boundary layer by convective
downdrafts. As demonstrated below, this corresponds to
introducing a positive GMS; the original Emanuel (1987)
model exhibits zero GMS.

Neelin and Yu (1994) and Yu and Neelin (1994) imple-
mented the ideas of Emanuel et al. (1994) in a linearized
equatorial beta plane model using a simplified Betts-Miller
(Betts 1986) cumulus parameterization. The thinking
behind the Betts-Miller parameterization is very much in
accord with the philosophy expressed in Emanuel et al.
(1994). Yu and Neelin (1997) expand on these authors’
previous work, while Neelin (1997) discusses the role of
GMS in tropical circulations. Neelin and Zeng (2000) and
Zeng et al. (2000) describe a simplified global circulation
model (the quasi-equilibrium tropical circulation model;
QTCM) which incorporates the earlier ideas of Neelin and
colleagues. This model has been used in numerous studies of
the interaction of convection with large-scale flows under
varying conditions, e. g., Chou and Neelin (2004), Sobel and
Neelin (2006), and Chou et al. (2009). As these authors
point out, the GMS plays an important role in analyzing
how convection changes with climate change.

In order to expose the fundamental nature of the Neelin-
Yu (1994) model, a highly simplified and incomplete ver-
sion of the original model is presented here. We begin with
the two-dimensional, linearized, Boussinesq, non-rotating
governing equations for perturbations on an atmosphere at
rest, written largely in the notation of Fuchs and Raymond
(2007):

ou op _

S45o=0 (5.1)
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ap
— —b=0 5.2
e (5.2)
ey (5.3)
ox ' 0z '
dq
E +FQW=SQ (5.5)

where u and w are the horizontal and vertical velocities, p is
the kinematic pressure, b is the buoyancy, equal to the
acceleration of gravity times the fractional potential tem-
perature anomaly, and g and e are the mixing ratio and
moist entropy perturbations scaled to buoyancy units
(Fuchs and Raymond 2007). The quantities I'g, I'g, and
I'p are the ambient vertical gradients of potential temper-
ature, mixing ratio, and moist entropy, also scaled to
buoyancy units. Source terms for buoyancy, mixing ratio,
and moist entropy are given by Sg, Sp, and Sg.

The moist entropy equation is redundant (but still useful)
sincee= b+q, I'g =I'g+1q and Sp = S+ Sg. We ignore
surface fluxes and radiation in this limited treatment, so that

Jh Spdz=0 (5.7)

0
where h is the height of the tropopause. The limitation to
two-dimensionality eliminates Rossby wave-like modes
from the analysis and limits consideration to convectively
coupled gravity waves, which have the same zonal structure
as equatorial Kelvin waves. As the latter receive most of the
attention in Neelin and Yu (1994), this is not a major
limitation.

Equations (5.1)-(5.3) can be combined into a single
equation relating vertical velocity w and buoyancy b,

Pw &b

902 o (5:8)

leaving only the buoyancy to be determined. The simplified
Betts-Miller cumulus parameterization consists of the
assumptions

Sp=—u(b—bo) (5.9)

and
So=—uq (5.10)
where 1" is an adjustment time constant equal to about 2 h.

The cumulus parameterization thus has the net effect of

relaxing the moisture perturbation toward zero and the
buoyancy perturbation toward by, which is taken to be
independent of height. The parameter b, is chosen so that
the condition (5.7) on the entropy source term is satisfied.
This condition can be expressed

Jh (b+q—1bo)dz= Jh (e—by)dz=0.

0 0

(5.11)

Taking the partial derivative of this with respect to time and
substituting (5.6) results in

obo 1 ("
— = ——| I'pwdz. 5.12
ot hL ez (512)
The GMS can be written in this context as
h h
FMEJ I"Ewdz/J I'pwdz (5.13)
0 0

(Fuchs and Raymond 2007; Raymond and Fuchs 2009).
Eliminating the integral over I'yw in favor of an integral
over I'gw in (5.12) may be done using this definition:

Obg Iy

== (5.14)

J T'pwdz.
0

Taking the time derivative of the buoyancy equation (5.4)
and substituting (5.14) results in

i n ob
ot ot

—I'p—

(5.15)
ow oYY

o p J T'pwdz.

Elimination of the buoyancy between this equation and
(5.8) finally yields

ﬁ_{_ otw or OPw
ot M) a0z T Borox

(5.16)

This integro-differential equation is difficult to solve
analytically. However, Neelin and Yu’s assumption for
the value of p makes it much larger in magnitude than
the frequency of any plausible large-scale disturbance.
If we take the limit of very large u, then this equation
reduces to

4 2
0w FMJ FBa s (5.17)

ooz h ox2

which is more tractable. In particular, the solution for
vertical velocity w takes the form

w=W(x,t)z(h—z) (5.18)
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where we assume that I' is constant and can therefore be
extracted from the integral. The parabolic form of this
solution in z is not precisely a first baroclinic normal mode,
but it is very close to it. The resulting equation is

W KTyl 0*w
2 12 e ) (5.19)

which we recognize as the one-dimensional wave equation
with constant phase speed ¢ given by

o Tl

3 (5.20)

Since the speed of adiabatic gravity waves with vertical
half-wavelength h (i. e., the fundamental baroclinic mode)
is ¢, = hI'3%/7, this can be written

2 _ 7T2FM 2

= G (5.21)

If T) = 0.1, we see that ¢ = ¢,/3, or = 16 m s for a
typical fundamental baroclinic mode gravity wave speed of
¢, = 50m sh

Thus, in the limit of very large p, the fundamental con-
vectively coupled mode of the Neelin-Yu system is a neutral,
non-dispersive traveling wave. Neelin and Yu (1994) show,
in line with the reasoning of Emanuel et al. (1994), that the
effect of finite p is to damp slightly these waves without
significantly affecting their phase speed. Furthermore, these
waves can be destabilized if wave-induced surface heat
exchange (WISHE; Yano and Emanuel 1991) becomes active
in an environment with non-zero mean zonal surface flow.
This solution reduces to the (trivial) case of no WISHE in
Emanuel (1987) when I'), = 0.

Modes with vertical structure different than that given by
(5.18) are not admitted as solutions to (5.17). Neelin and Yu
(1994) show that such solutions exist in the case of non-zero
i, but are very strongly damped.

The most interesting result is that the square of the
convectively coupled gravity wave propagation speed
(or the equivalent depth) is proportional to the GMS.
Furthermore, according to Emanuel et al. (1994), positive
GMS arises from the existence of convective downdrafts
which carry low moist entropy air from the free troposphere
into the boundary layer. This is in accord with the picture of
GMS presented in figure 6, since downdraft mass fluxes
reduce the updraft mass flux at low to middle levels, thus
causing the maximum vertical mass flux to occur at higher
levels.

Neelin and Yu (1994) and Yu and Neelin (1994) also
found stationary deep convective modes. These are modes
which don’t propagate except by advection and whose
essential dynamics consists just of the interaction of con-
vection and moisture in a single column. They satisty the
condition expressed in Neelin and Yu’s equation (5.9h),
which can be expressed in our terms as
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h d h
J Tpwdz + J I'gwdz= J I'ewdz=0 (5.22)
d

0 0

where d is the boundary layer thickness. The second term on
the left side of this equation is equivalent to their boundary
layer term, given their bulk boundary layer model.
Comparison with (5.13) indicates that (5.22) is equivalent
to I'yy = 0. In our simplified representation these modes
thus correspond to their convectively coupled modes with
zero GMS. However, given that Neelin and Yu (1994)
assume an additional degree of freedom in the form of an
explicit boundary layer, these modes appear to have an
independent existence in their model.

Though not considered by Neelin and Yu (1994), their
mathematical model admits solutions with negative GMS.
Making I"j; < 0 in (5.19) results in pairs of stationary modes
which respectively amplify and decay with time. However, in
the context of Emanuel et al. (1994), negative GMS doesn’t
make physical sense, since it requires convective downdrafts
to increase rather than decrease the moist entropy (or moist
static energy) of the atmospheric boundary layer. Below we
consider an extension to their model in which negative GMS
occurs in a physically plausible manner.

5.2. Negative GMS and the ITCZ

Back and Bretherton (2006) showed, using reanalysis data,
that the east Pacific intertropical convergence zone (ITCZ)
exhibits negative 'y (vertical advection) and positive 'y
(horizontal advection) with an indeterminate sum I'. Thus,
ITCZ convection has negative GMS in the classical sense of
Neelin and Held (1987) and Yu et al. (1998), but the
resulting source of moist static energy is removed by
horizontal advection. As noted above, this is a situation
not envisioned by Neelin and Yu (1994), where the target
relative humidity is held constant with height. However,
since Neelin’s Quasi-equilibrium Tropical Circulation
Model (QTCM; Neelin and Zeng 2000; Zeng et al. 2000)
has more freedom in the choice of target relative humidity
profile, negative GMS values can in principle occur there.
Sobel and Neelin (2006) developed a hybrid model which
includes an explicit prognostic boundary layer of fixed
depth coupled to a free troposphere model similar to that
in the original QTCM. The convergence occurring in the
boundary layer produces divergence distributed uniformly
through the depth of the free troposphere with the asso-
ciated upward motion profile supplementing that produced
by normal QTCM mechanisms. The advection of potential
temperature and moisture associated with this upward
motion enhances convection produced by the QTCM vertical
velocity profile. Due to the “bottom-heavy” structure of this
boundary layer-driven ascent, the resulting GMS 1is highly
negative. However, the GMS associated with the normal free
tropospheric vertical velocity profile is positive. The net GMS
is an average of the two weighted by the relative amplitudes of
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the two modes of ascent. This hybrid model is thus a way to
incorporate the observed behavior of ITCZs into the QTCM.

Crudely, one can think of the boundary layer mode as
representing the shallow meridional circulation described by
Zhang et al. (2004). This mode imports entropy where there
is surface convergence, which can occur in the absence of
deep convection when the horizontal variations in sea
surface temperature favor it by the Lindzen-Nigam (1987)
mechanism. Sobel and Neelin (2006) argued that since the
shallow Lindzen-Nigam flow can exist independently of the
presence or absence of deep convection, the entropy (or in
their case, moist static energy) imported by that flow can be
considered as an external forcing on the local entropy
budget, similar to the entropy forcing F, — R in (2.1). In
the absence of other processes, the presence and intensity of
the deep baroclinic flow, which is strongly coupled to deep
convection, then balances that import plus F;— R through its
own gross moist stability. Such an argument is not com-
pletely clean because the surface convergence and shallow
entropy import are modulated by the pressure gradients due
to the deep baroclinic flow so that the two are not truly
independent. Nonetheless the recent analysis of Back and
Bretherton (2009a,b) also seems to support this view.

In the Sobel and Neelin (2006) model, which is zonally
symmetric, a horizontal diffusion of moisture (and thus
entropy or moist static energy) had to be introduced in
order to reduce the ITCZ intensity to observed levels. This
was done out of expediency, but it was then argued that
perhaps the diffusion might be standing in for transient
non-axisymmetric disturbances, such as easterly waves,
which might be exporting moisture from the ITCZ to drier
adjacent regions. In the model, the dominant balance in the
moist static energy budget is between export by this dif-
fusion and net import by the resolved, zonally symmetric
flow (including the strong import by the boundary layer
mode and much weaker export by the baroclinic mode). The
recent diagnostic work of Peters et al. (2008) supports this
picture, with the moist static energy transport by transients
out of the east Pacific ITCZ being both significant and
diffusive in character. The resulting picture is very different
from the early Neelin-Held concept of deep convective
regions. In that picture, the net entropy forcing by surface
fluxes minus radiative cooling was balanced by export due to
the mean divergent circulation, with a positive gross moist
stability. In the revised picture of Sobel and Neelin (2006)
transient eddy fluxes play an important role in balancing the
net source (at least for the east Pacific ITCZ), while the mean
circulation may either weakly export or even import entropy,
adding to rather than balancing the net source.

5.3. Moisture and Kelvin modes

The statistical quasi-equilibrium models discussed above
have the characteristic that vertical structure inconsistent
with their assumed first baroclinic mode structure is rapidly
damped. Thus, disturbances for which such alternative

vertical structure is an intrinsic characteristic cannot be
represented by such models. Examples of disturbances of
this type include easterly waves (Reed and Recker 1971;
Reed et al. 1977; Cho and Jenkins 1987), convectively
coupled equatorial Kelvin waves (Straub and Kiladis 2002;
Tulich et al. 2007), and possibly the Madden-Julian oscil-
lation (Kiladis et al. 2005). Thus, Emanuel et al.’s (1994)
elegant idea for determining the vertical structure of tropical
disturbances may be over-simplified.

An alternative class of convectively coupled wave models
was originated by Mapes (2000) and expanded upon by
Majda and Shefter (2001a,b), Majda et al. (2004), Khouider
and Majda (2006, 2007, 2008), Kuang (2008a,b), Andersen
and Kuang (2008), etc. In such models convection is
controlled by convective inhibition, or alternatively con-
vective available potential energy concentrated in the lower
troposphere, which essentially amounts to the same thing.
These models produce unstable waves which exhibit vertical
structure incorporating both first and second baroclinic
modes. They typically predict wave speeds in reasonable
agreement with the observed propagation speeds of equat-
orial, convectively coupled Kelvin waves.

A different type of mode was predicted by the simplified
models of Sobel et al. (2001) and Fuchs and Raymond
(2002, 2005). In these models the precipitation is controlled
by the saturation fraction of the troposphere, as described in
section 4.2. In the case of no surface mean wind or cloud-
radiation interactions, stationary unstable modes with rel-
atively little scale selection develop when the GMS is
negative. If surface easterlies are imposed, WISHE causes
eastward propagation, with longer wavelength modes prop-
agating more rapidly. With meridional moisture gradients,
these modes become unstable for weakly positive GMS.
Cloud-radiation interactions can destabilize these modes
in the presence of weakly positive GMS as well. The modes
predicted by these models were denoted “moisture waves”
by Sobel et al. (2001) and “moisture modes” by Fuchs and
Raymond (2005), since moisture anomalies play an import-
ant dynamical role in their development.

As noted previously, Neelin and Yu (1994) and Yu and
Neelin (1994) discovered similar modes in the context of
their quasi-equilibrium model, which they called “kinemat-
ically dominated modes” or “stationary deep convective
modes” (see the discussion in section 5.1), though their
focus at the time was on the propagating convective modes
predicted by their model. Moisture modes also arise in the
mesoscale simulations with parameterized convection by
Sobel and Bretherton (2003) as well as in the three-dimen-
sional, cloud-resolving simulations of Tompkins (2001),
Bretherton et al. (2005), and Stephens et al. (2008).

The simplicity of the moisture mode allows its essence to
be captured in weak temperature gradient cloud resolving
model simulations such as those of Raymond and Zeng
(2005) and Raymond and Sessions (2007). This is because
the interaction between neighboring air columns is via the
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rapid buoyancy equilibration and the exchange of moisture
between columns implied by the weak temperature gradient
approximation. In fact, it is fair to say that the moisture
mode is what remains after the weak temperature gradient
approximation is made, just as only balanced modes survive
the quasi-geostrophic approximation (Sobel et al. 2001).

Fuchs and Raymond (2002, 2005) assumed a first baro-
clinic mode vertical structure for both the heating and the
vertical velocity structure of moisture modes. Fuchs and
Raymond (2007) relaxed this condition, keeping the sinus-
oidal heating with a half-wavelength equal to the depth of
the tropopause, but implementing a vertically resolved
dynamical model including an upper radiation boundary
condition. The results are similar to those of Fuchs and
Raymond (2002) for moisture modes, though they differ
greatly for convectively coupled gravity modes.

Raymond and Fuchs (2007) extended the model of Fuchs
and Raymond (2007) by including an additional control on
convection from convective inhibition, which we describe
here. Starting from (5.1)-(5.4) and assuming time and zonal
dependencies of the form exp[i(kx — wt)] yields

d*w(z) k?

= +mPw(z)= P Ss(z), (5.23)
b=(i/w)(Sp—Tsw), (5.24)
e=(i/w)(Sg—Tgw), (5.25)

where m = kI'5"?/w. The convective heating takes the first
baroclinic mode form

Sp(z) = (myB/2)sin(myz) (5.26)
where my = n/h, h being the height of the tropopause, and B
is a constant determined below by the convective closure.

As with our simplified discussion of the Neelin-Yu (1994)
model, cloud-radiation interactions and WISHE are
ignored. The convective closure condition is

h
J SBdZZB
0 (5.27)

h
= L q(z)dz+ pepn(es—er)
where o' is a time constant of order one day and ¢(z) is the
vertical profile of scaled mixing ratio perturbation as before.
The first term on the right side of (5.27) represents the
effects of perturbations in precipitable water and is respons-
ible for producing moisture modes, whereas the second
term results in convectively coupled gravity waves, with
the constant yic;y governing the strength of the convective
inhibition effect. In this term e, is the scaled surface moist
entropy perturbation and is set to zero in the absence of
WISHE. The quantity e, is the perturbation saturation moist
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entropy at the top of the planetary boundary layer (PBL),
the height of which is indicated by the dimensionless
parameter D, the ratio of PBL to tropopause height h.
Since e, is a function only of the buoyancy perturbation b
and pressure, ¢, = A,b(D), where b(D) is b at the PBL top,
with 1, = 3.5.

Using q(z) = e(z) — b(z) as well as (5.7), (5.13), (5.24),
and (5.25) allows (5.27) to be rewritten as

1—Ty ("
B= MJ

_ : Tpwdz+ ikpcy A Pb(D)
1—ix®

0 1—ik®

(5.28)

where Iy, is the GMS as defined by (5.13), k = hFBI/zk/(na)
is the dimensionless wavenumber, and where ® = my/m =
nw/(khT5"?) is the phase speed w/k of the disturbance
divided by hI'5"?/z, the phase speed of free, fundamental
baroclinic mode gravity waves.

The solution to (5.23)-(5.24) in terms of B is

w(z) =
moB[sin(myz) + ®e =/ Psin(myz/D)] (5.29)
2Tp(1—@%)
and
b(z) =
B imyB|® sin(myz) + e~ ™/ ® sin(myz/D)] (5.30)

ZOCK(I —d)z)

The first term on the right side of (5.29) is the inhomo-
geneous part of the solution to (5.23), whereas the
second term is the homogeneous part. Since physically
the homogeneous solution represents a free gravity wave
in the troposphere with dimensionless phase speed @,
it is this part of the solution which sets the phase speed
of the disturbance. It also has a vertical structure signific-
antly different from that of the fundamental baroclinic
mode.

Combination of (5.28), (5.29), and (5.30) results in a
rather complex dispersion relation for ®@,

KD +i®” — k® —i+i(1— ) F(D)

L Pty o (D.D) =0, (5.31)
20
where
F(q>)—1+¢ﬁe*"”/‘b{1—cos(5ﬂ (5.32)
B 2 ® '
and

. D
L(D,(D)Ze_m/d) sin (%) + ®sin(nD), (5.33)

which can only be solved numerically. However, if we ignore
convective inhibition by setting ucpy = 0 and keep leading
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order terms in I®l << 1, it is easily shown that the
dispersion relation reduces to

O — iy /x, (5.34)

i. e., the mode is stationary with a growth rate proportional
to minus the GMS. Thus, negative GMS results in moisture
mode instability as one might expect.

If on the other hand, we suppress moisture modes by
setting I'); = 0 and again retain only leading order terms in
|®I, then the simplified, but still implicit dispersion relation

A ; D
irc+ we’“/%ncﬁl’)) =0 (5.35)

20

holds. If @ is approximately real, reflecting propagation with
a modest growth rate, then the exponential term must be
negative imaginary, implying that
2
1+4n

|®|~ (5.36)
where n is a positive integer. (The value n = 0 formally
satisfies (5.35), but violates the condition that |®| « 1.) For
n = 1 the phase speed is 20 m s™' if the free, fundamental
mode gravity wave speed is 50 m s™'. This is quite close to
the observed propagation speed of convectively coupled
equatorial Kelvin waves. Furthermore, unlike the Neelin-
Yu (1994) and similar statistical quasi-equilibrium solu-
tions, it depends only weakly on the GMS (see Raymond
and Fuchs 2009) and it exhibits a vertical structure similar to
that seen in observed Kelvin waves.

The complex vertical structure of temperature and wind
in this model is produced by a fundamental baroclinic mode
heating profile, in contrast to the results of Mapes (2000)
etc. This is not to say that the pattern of convective heating
assumed by these authors does not exist in real Kelvin waves
— only that it is not strictly necessary to produce the
observed structure of the waves.

When the full dispersion relation is analyzed numerically,
both moisture modes and convectively coupled gravity
waves emerge, with only modest modifications to the results
discussed above.

5.4. GMS and the MJO

There are many theories for the Madden-Julian oscillation
(MJO; see Zhang 2005 for a comprehensive review).
Nevertheless, most global atmospheric numerical models
have failed to provide a realistic representation of this
phenomenon (Slingo 1996; Lin 2006).

Raymond and Fuchs (2009) demonstrated robust MJO-
like disturbances in an equatorial beta plane model with no
land, but with realistic sea surface temperatures and a toy
convective parameterization prone to the production of
negative GMS in strong convection. Figure 9 shows a
snapshot of precipitation, surface wind, saturation fraction,
and NGMS in an active MJO phase in the eastern Indian

Ocean and western Pacific for a perpetual August simu-
lation. Notice how the convection organizes itself into a line
with a long near-equatorial component somewhat like a
monsoon trough or an ITCZ. Meridional oscillations in the
line suggest the development of largescale dynamical instab-
ility. Further examination shows that some of the oscilla-
tions break off to form vortices which resemble the outer
circulations of a tropical cyclone.

An interesting feature of this simulation is that the
existence of strong convection within these lines coincides
with the development of negative NGMS. This invites
comparison with the results discussed in section 5.2 of
Back and Bretherton (2006) and Sobel and Neelin (2006),
who infer the existence of negative GMS in the east Pacific
ITCZ and suggest that it is a consequence of the boundary
layer flow produced by strong sea surface temperature
gradients in this region. However, the negative GMS in
the simulation shown in figure 9 occurs in convective lines
over weak sea surface temperature gradients where bound-
ary layer forcing produced by these gradients is unlikely to
be as important as it is in the east Pacific.

As figure 10 shows, for precipitation rates between
5mm d' and 10 mm d™' the convective mass flux profile
is characteristic of cumulus congestus clouds with a max-
imum in vertical mass flux near 800 hPa, which is well below
the level of minimum moist entropy, resulting in negative

wind, rain, and saturation fraction - 17000 ks
6000 - I | l

latitude (km)

NSSS ULV« O

PRIy

P S A SCEN
T T T

latitude (km)

longitude (km)

Figure 9. Snapshot of convection in the eastern Indian Ocean
and western Pacific during an active MJO phase in the beta
plane numerical model of Raymond and Fuchs (2009). (a) Surface
wind, precipitation rate (shading) and saturation fraction (con-
tours). (b) NGMS, with the heavy line indicating a zero value,
light shading positive values, and dark shading negative values.
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Figure 10. Vertical profiles of (a) specific moist entropy and (b)
vertical mass flux, averaged over regions in figure 9 with
precipitation rates in the ranges 5 — 10 mm d' (thin lines)
and 15 — 25 mm d™' (thick lines).

GMS (see figure 6). However for stronger precipitation,
figure 10 shows that the level of maximum vertical mass
flux ascends to near 550 hPa. Negative GMS results from the
development in this case of a moist entropy profile with a
minimum at even higher levels.

Whether the manner in which this model produces
negative GMS actually occurs in nature remains to be
determined. However, the existence of negative GMS, how-
ever produced, strongly suggests that the moisture mode
instability discussed in section 5.3 is active in this model.
This conclusion is supported by the strong correlation
between precipitation and saturation fraction illustrated in
figure 9 as well as the tendency of the disturbances to move
rather slowly. In this model at least, the MJO appears to be a
moisture mode which depends on the transient occurrence
of negative GMS for its existence.

6. Summary and conclusions

In developing a consistent framework for the idea of gross
moist stability, we draw on a great deal of previous work by
ourselves and others. The first problem addressed is to how
to define gross moist stability — many different definitions
exist in the literature. We choose to adopt the normalized
gross moist stability (NGMS) of Raymond and Sessions
(2007) and Raymond et al. (2007). This differs from the
classic gross moist stability proposed by Neelin and Held
(1987) and extended by Yu et al. (1998) in that it (1)
normalizes with the moisture convergence rather than the
mass convergence; (2) includes the horizontal advection or
ventilation term neglected in the above work; and (3) uses
the specific moist entropy rather than the moist static energy
as the quasi-conserved thermodynamic variable. Unlike the
classic gross moist stability, the NGMS is dimensionless.
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As the numerator and denominator of the NGMS are
both expressed as horizontal divergences, the logical way
to obtain the NGMS averaged over a region is to average
horizontally the numerator and denominator separately and
define the average NGMS as the ratio of these quantities.

The NGMS becomes an important component in a
predictive theory for precipitation if the precipitation rate
can be expressed as a function of something related to the
vertically integrated moist entropy in the tropospheric
column. This is because the numerator of the NGMS is
the horizontal entropy divergence, which is the most uncer-
tain quantity in the moist entropy budget equation, while
the denominator is the net moisture convergence, which is
closely related to the precipitation rate. The key parameter
related to the specific moist entropy s is the saturation
fraction, which can be expressed to reasonable accuracy as

_[s—s4]
S= o (6.1)

where s is the saturated moist entropy, s, is the specific dry
entropy, and where the square brackets indicate a pressure
integral over the full troposphere. The precipitation rate, at
least over warm tropical oceans, turns out to be a highly
inelastic function of saturation fraction, with nearly zero
rain for S < 0.7, and asymptoting to large precipitation rates
for S = 0.87 in our work. This steeply increasing precipita-
tion rate as a function of saturation fraction is one key to
developing sufficiently vigorous synoptic and intraseasonal
convective modes in the large-scale numerical model of
Raymond (2007).

Given the role of NGMS in “summarizing our ignorance
about convection”, it is noteworthy that the boundary layer
quasi-equilibrium theory of Raymond (1995) and Emanuel
(1995) provides one possible route to understanding how
the NGMS is determined. Convection is controlled in this
theory via a balance between the tendency of surface fluxes
of heat and moisture to increase boundary layer moist
entropy and the countervailing tendency of convective
downdrafts to decrease it. The downdraft moist entropy
flux into the boundary layer is related by cloud physics and
dynamics to the updraft mass flux, with drier, more unstable
environments leading to a stronger downdraft flux per unit
updraft. The precipitation rate is likewise related to
environmental conditions, with a moister troposphere yield-
ing more rain. A simple theoretical model of the GMS
invoking boundary layer quasi-equilibrium is introduced
here for the purpose of increasing understanding, but
numerical cloud modeling using the weak temperature
gradient approximation provides a more quantitative route
to the determination of NGMS as a function of envir-
onmental conditions.

It is important to understand the difference between the
NGMS in statistically steady conditions and in unsteady
conditions. In the steady case the NGMS is constrained
by the relationship between the entropy forcing and the
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precipitation rate. In this situation the NGMS cannot be
negative, except in the case of zero precipitation, as any
steady state with negative NGMS and nonzero rain will be
unstable. However, this constraint does not exist in unsteady
conditions. In the unsteady case the sign of the NGMS is a
function of the vertical convective/mesoscale mass flux
profile, at least in the case in which horizontal advection
and ventilation are negligible. Negative NGMS arises from
purely convective, or bottom-heavy vertical mass flux pro-
files, whereas positive NGMS is associated with top-heavy
stratiform mass flux profiles.

Lopez and Raymond (2005) showed that stratiform pro-
files were favored by very moist environments, i. e., those
with high saturation fraction. On the other hand, drier
environments favored convective profiles. We demonstrated
that this situation is likely to lead to multiple equilibria, with
a given surface wind speed being associated with either no
precipitation and a very dry troposphere or ample precip-
itation and a very moist troposphere. This behavior may be
responsible for the observed bistable humidity structure of
the tropical troposphere (Zhang et al. 2003).

The GMS plays an important role in large-scale dynamics
in the tropics. In the Emanuel et al. (1994) statistical quasi-
equilibrium theory the GMS is always taken to be positive
and tropical wave disturbances propagate at speeds which
scale with the square root of the GMS. However, in the
model of Raymond and Fuchs (2007), rapidly moving
convectively coupled waves such as the equatorial Kelvin
wave are relatively insensitive to the GMS, while the more
slowly moving moisture modes only occur when the GMS is
negative, or at least when the auxiliary effects of cloud-
radiation interactions (Fuchs and Raymond 2002) or surface
flux anomalies correlated with convection (Sugiyama 2009)
act to create an “effective” negative GMS even when the
GMS itself is positive. Negative GMS may play important
roles in the dynamics of ITCZs and the MJO.

We have demonstrated that the concept of gross moist
stability leads to a number of fruitful lines of inquiry in the
interaction of moist convection with the tropical environ-
ment. We expect that this work will lead ultimately to a
deeper understanding of this important area of atmospheric
dynamics.
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