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Deriving Capacitor Energy Formula

U=
1
2
CV2

[1a]Q=CV

[3 ] dU=VCdV

[3a]U=∫0

V
V 'CdV '

[2a]U=QV

[1b] dQ=CdV

Q is charge on capacitor
C is capacitance
V is voltage on capacitor
U is potential energy of
capacitor

[2b] dU=VdQ



  

Deriving Capacitor Energy Formula

U=
1
2
CV2

[1a]Q=CV

[3 ] dU=VCdV

[3a]U=∫0

V
V 'CdV '

Definition of Capacitance

[2a]U=QV

[1b] dQ=CdV Calculus – for C and constant

Definition of Potential

Q is charge on capacitor
C is capacitance
V is voltage on capacitor
U is potential energy of
capacitor

[2b] dU=VdQ Calculus – for V  “constant­ish”

Plug 1b into 2b
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Energy Storage:
A 5000 kg 
bus traveling at 10 m/s
dumps its kinetic energy
into ultra-capacitors
For a quick restart.
How much capacitance
Is needed, assuming the
Ultra-caps can tolerate 16 Volts.



  

Energy Storage:
m=5000 kg 

K initial=
1
2
mv i

2=0.5×5000×102=2.5×105 J

v initial=10 m /s

Vmax=16 V

Ufinal=
1
2
CVmax

2
→C=

2Ufinal

Vmax
2

C=
(2)(2.5×105)

162
=1950Farads= $2000

http://www.ebay.com/bhp/100-farad-capacitor
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Deriving Energy in an Electric Field … part 1

[1]U=
1
2
CV2 Energy in a Capacitor

Parallel plate capacitor formula[2]C=ϵ0
A
d

[3] V=Ed

[4]U=
1
2

[ϵ0
A
d

][Ed]
2

[5]U=
1
2

ϵ0E
2
(Ad)



  

Deriving Energy in an Electric Field … part 1

[1]U=
1
2
CV2 Energy in a Capacitor

Parallel plate capacitor formula

Relation between voltage and field
In a parallel plate capacitor

Plug 2 and 3 into 1

[2]C=ϵ0
A
d

[3] V=Ed

[4]U=
1
2

[ϵ0
A
d

][Ed]
2

[5]U=
1
2

ϵ0E
2
(Ad) Rearrange and cancel



  

Deriving Energy in an Electric Field … part 2

From last page

Energy Density is Energy per
Unit Volume

[5]U=
1
2

ϵ0E
2
(Ad)

[6]U=
1
2

ϵ0E
2
(Volume )

[7]
U

Volume
=
1
2

ϵ0E
2

[8] uE=
1
2

ϵ0E
2

Def. Of Volume!



  

Total energy vs. energy density
Similar to 29.29

A parallel plate capacitor with area of ½ a 
square meter and a spacing of 0.8 mm is 
charged to 1000 V.  What is the electric field? 

[A ]1250kVolt /meter

[B]1000kWatts

[C]1kJoule

[D]1kVolt /meter

[E]Not enough information given



  

Total energy vs. energy density
Similar to 29.29
A parallel plate capacitor with area of ½ a square meter 
and a spacing of 0.8 mm is charged to 1000 V. What is 
the electric energy density?  What is the total energy 
stored in the electric field?  

U=
1
2
CV2uE=

1
2

ϵ0E
2



  

Total energy vs. energy density
Similar to 29.29
A parallel plate capacitor with area of ½ a square meter 
and a spacing of 0.8 mm is charged to 1000 V. What is 
the electric energy density?  What is the total energy 
stored in the electric field?  

U=
1
2
CV2

=
1
2

(5.5×10−9
)(1000)

2
=2.75mJ

C=ϵ0
A
d

=8.86×10−12F /m
(0.5m2)

(8×10−4 m)
=5.5nF

¿

uE=
1
2

ϵ0E
2
=
1
2

(8.86×10−12
)(1.25×106)2=6.9 J /m3

U=uE×Volume=6.9×(0.5)(8×10−4)=2.75mJ
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Water current is total mass that passes 
an observer per second.

Electrical current is charge flow rate 
past a fixed point.
Units (C/s)

Also

I=
Q
 t

=
dQ
dt

Vcap=
Q
C

=
∫ Idt
C



  

Chapter 30 Formulae (some) 
Power is the product
of voltage and current
(True for ALL devices)

Ohm's law (resistors only)

Resistor power 
dissipation

Resistance in terms of
resistivity

P=I V

V=IR

P=I2R

P=
V2

R

R=
L
A

=
L

 A
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Find the resistance of a heating coil that 
draws 4.8 A when the voltage across it is 
120 V.  What power is dissipated in this 
coil? P=I V

P=I2R

P=
V2

R



  

What current flows when a 45 V potential 
difference is imposed across a 1.8  
resistor?  What power is dissipated in 
this resistor?

kΩ

P=I V

P=I2R

P=
V2

R



  

An electric burner with 35 
 resistance consumes 1.5 kiloWatts.
At what voltage does it operate?

(A) 120 V
(B) 230 V
(C) 52,500 V
(D) 14,400 V
(E) 42.8 V

Ω

P=I V

P=I2R

P=
V2

R
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http://faraday.physics.utoronto.ca/IYearLab/Intros/DCI/Flash/WaterAnalogy.html



  



  

What's a resistor … Why do I want one?
Resistors are devices that resist current flow (like 
thin tubes resist water).  
They are “controlled conductors”.  
They make a good way of turning electricity into heat (hair­
dryers, electric stoves, space­heaters)
They stop batteries from discharging all at once.
They can protect you from electrocution.
They are unavoidable – because even if you don't want one, 
all wires have some resistance (except superconductors!).
Body tissues have resistance.

They relate voltage and current
Resistors is one of the three basic electrical devices 
(capacitors and inductors are the other two)
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Microscopic and Human­scale view 
of electricity

Human­scale concepts Voltage, 
Current,  Resistance, and Power

Small­scale (Microscopic) concepts
Electric field, Current density, 
Resistivity

Ohm's Law can be viewed both ways



  

Conductors
To conduct electricity, you need a conductor. 
 
Conductors have charges that are free to 
move.  (They are still usually electrically 
neutral).

Salt­water, blood and copper are conductors.

Plastics and gasses are (usually) insulators.



  

Ionic
Conductors

Salt water
Is electrically
Neutral …

The ions
Can move.



  

Why are metals conductors of 
electricity while most gasses, oxides 
and plastics are insulators?

Metals have charges that are free to 
move.

Insulators bind all their electrons 
tightly to their atoms.

You can “break down” an insulator by 
ripping its electrons from its atoms.



  

Copper conducts electricity because its lone 
4s electron is free to “wander”
Conductivity (PHET)



  



  



  

Slightly more realistic view of electrons 
“drifting” through a wire.



  

The requirements for a material to
Be a conductor are:

(A)  Electrons or ions are free to move from 
atom to atom.
(B)  There must be a net charge on the 
material
( C)  The material must be ductile, like a 
metal.
(D)  Both A and B
(E)  All of the above
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Resistance in terms of
Resistivity

R=
L
A

=
L

 A

ρ=
1
σ

ρ



  

A piece of copper wire is 5 meters long 
and aluminum wire is 10 meters long.
If the radius of the copper wire is 1 mm, 
what is the radius of the aluminum to 
have the same resistance?

R=ρ
L
A



  

The femoral artery is the large artery that 
carries blood to the leg.  What is the resistance 
of a 20­cm­long column of blood in a 1.0 cm 
diameter femoral artery?  The conductivity of 
blood is 

R=
L
A

=
L

 A

ρ=
1
σ

σblood=0.63
1

(Ω⋅m)
¿



  

If you make a resistor with a length of copper 
wire of square cross­section with side 1 mm, 
how long a wire do you need to make a 3.2 
Ohm resistor?

R=ρ
L
A

ρcopper=1.6×10−8Ω⋅m

(A) 200,000 m
(B) 160,000 m
(C) 3.2 m
(D) 100 m
(E) 200 m



The Current Density in a Wire

The current density J in a wire is the current per 
square meter of cross section:

The current density has units of A/m2.

Slide 30-48



The current density in this wire is

 

Clicker

 

A.  4  106 A/m2.

B.  2  106 A/m2.

C.  4  103 A/m2.

D.  2  103 A/m2.

E.  Some other value.

Slide 30-49



  

A cylindrical tube of seawater carries a 
total electric current of 350 mA.  If the 
electric field in the water is 21 V/m, what 
is the diameter of the tube?

J=σE

I= JA



  

Electric field in home wire?
You are using a cheap extension cord made of 
#14 copper wire (which has a             cross 
sectional area).  What is the electric field in 
the wire when you light a 100 Watt bulb?

ρcopper=1.6×10−8Ω⋅m

2 mm2



  

Going from Microscopic to 
Macroscopic

I=
1
R
V→V=IR Ohm'sLaw

J⃗=σ E⃗ R=
L

σA
→σ=

L
RA

E=
V
L

J=
I
A

I
A

=
L
RA

V
L



  

Microscopic view of resistivity
”Free electron gas” model (also called Drude 
model) of a metal.

You can derive Ohm's law by assuming
a metal is a box full of loose electrons
that bump into “scattering centers” every 
seconds.


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 In the presence of an 
electric field, the electric 
force causes electrons 
to move along parabolic 
trajectories between 
collisions.

 Because of the 
curvature of the 
trajectories, there is a 
slow net motion in the 
“downhill” direction.

Slide 30-38

Microscopic view of resistivity



 The graph 
shows the speed 
of an electron 
during multiple 
collisions.

 The average drift 
speed is

Drude Model of Resistance

Slide 30-39



  

J⃗=nq v⃗dΔQ=nA v⃗dΔ t q

I=nq v⃗dA I= J⃗⋅A⃗



  

Drude Model of Conductance
You can derive Ohm's law by assuming
a metal is a box full of loose electrons
that bump into “scattering centers” every 
Seconds.   (Tau is < 1 picosecond for most 
solids at room temp.)



J⃗=nq v⃗d=nqa τ=
nq2 τ
m

E⃗=σ E⃗



  

Derived electrical resistance from 
Classical Mechanics!


σ=

nq2 τ
m

ρ=
m

nq2 τ

In semiconductor, n is small, so
rho is larger than a conductor.
In insulator, n is nearly zero.

In ionic conductor, m is larger (ions
not electrons) so conductivity is
Lower.

A semiconductor may be “doped”



  

I=nq v⃗dA

Typical drift velocity
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