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ABSTRACT

Recent observational work shows that three factors control the formation of deep convection over tropical oceans; the

saturation fraction of the troposphere, surface moist entropy fluxes, and the strength of convective inhibition. A linearized,

two-dimensional, non-rotating model of the tropical atmosphere is presented here which incorporates all of these factors

into its convective closure in a simplified fashion. Two types of large-scale unstable modes develop in this model, a

slowly propagating ‘moisture mode’ which is driven primarily by saturation fraction anomalies, and a convectively

coupled ‘gravity mode’ which is governed by anomalies in convective inhibition caused by buoyancy variations just

above the top of the planetary boundary layer. The gravity mode maps onto the equatorial Kelvin wave in the earth’s

atmosphere and the predicted propagation speed for this mode is close to the observed phase speed of convectively

coupled equatorial Kelvin waves. For reasonable parameter values the growth rate peaks at zonal wavenumbers at which

Kelvin waves exhibit the greatest spectral energy. The computed vertical structure matches that of observed Kelvin

waves, but is produced by a simple sinusoidal vertical heating profile with half-wavelength equal to the depth of the

troposphere.

1. Introduction

Recent work indicates that precipitation over warm tropical

oceans is controlled by three factors:

(i) Raymond et al. (2003) showed from in situ observations

in the tropical east Pacific that the existence of even a weak

stable layer just above the planetary boundary layer (PBL) is

sufficient to inhibit the development of deep convection and as-

sociated precipitation. This confirms earlier results of Firestone

and Albrecht (1986) obtained from dropsonde measurements in

the tropical Pacific. (See this paper for a summary of earlier

results.) Various dynamical processes can generate or remove

these stable layers.

(ii) Bretherton et al. (2004) found using passive microwave

observations from satellite that precipitation is highly correlated

with the saturation fraction (precipitable water divided by satu-

rated precipitable water) of the troposphere. Sobel et al. (2004)

came to similar conclusions using data taken near Kwajelein

Island. Results from numerical cloud models also support this

conclusion (Lucas et al., 2000; Derbyshire et al., 2004; Raymond

and Zeng, 2005).
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(iii) In addition to convective inhibition, Raymond et al.

(2003) found that infrared brightness temperature (and hence

precipitation) is highly correlated with surface moist entropy

fluxes in the tropical east Pacific. This is in agreement with simi-

lar observations from the equatorial western Pacific by Raymond

(1995) and over the entire tropical Pacific by Back and

Bretherton (2005).

According to these results, a minimal model of the control of

precipitation over warm tropical oceans should therefore include,

explicitly or implicitly, the effects of convective inhibition (CIN)

due to stability in the 700−850 hPa layer, saturation fraction

through the troposphere and surface moist entropy fluxes.

The above list is notable for the absence of convective avail-

able potential energy (CAPE) as a control on precipitation.

Though negative CAPE certainly precludes deep convective rain-

fall, the uniformity of the tropical temperature profile means that

in many cases this can only occur when the PBL moist entropy

is too low. Under such conditions the CIN is also large, which

means that negative CAPE is not independent of CIN over warm

tropical oceans, and the reduction of CIN results in sufficient

CAPE for deep convection under most circumstances. Further-

more, when changes in CAPE are due to temperature changes in

the free troposphere, the effect of CAPE control of convection is

to damp large-scale disturbances, since convective heating aloft

then occurs in regions of larger CAPE and cooler air, resulting
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in the destruction of available potential energy. Observations in

the tropics generally find the opposite, that is, heavy rainfall is

correlated with warmer than normal temperatures in the mid-

dle and upper troposphere and decreased CAPE (Ramage, 1971;

McBride and Frank, 1999).

Linearized models are frequently used to test ideas about

the coupling of convection and large-scale dynamics in a min-

imal and thus easily understood context (e.g. Hayashi, 1970,

1971a,b,c; Lindzen, 1974; Chang, 1977; Emanuel, 1987; Chang

and Lim, 1988; Wang and Rui, 1990; Yano and Emanuel,

1991; Emanuel, 1993; Neelin and Yu, 1994; Mapes, 2000;

Majda and Shefter, 2001a,b; Fuchs and Raymond, 2002, 2005;

Majda et al., 2004; Bony and Emanuel, 2005; Khouider and

Majda, 2006, etc.). In the context of an equatorial beta plane

model, solutions representing the Madden–Julian oscillation

(MJO; Madden and Julian, 1994) and convectively coupled

Matsuno modes are generally sought (Matsuno, 1966; Lindzen,

1967; Wheeler and Kiladis, 1999). Prominent among the lat-

ter modes is the equatorial Kelvin wave, which is distinguished

from the MJO by its smaller zonal scale and faster propaga-

tion speed. In the even simpler context of a two-dimensional,

non-rotating domain, only convectively coupled gravity waves,

which have longitudinal dynamics identical to Kelvin waves

and slow-moving moisture modes (Sobel and Horinouchi, 2000;

Sobel et al., 2001) are to be expected. The moisture mode works

by enhancing precipitation in regions of high humidity, and is

thought to operate in easterly waves, monsoon troughs, and

other slowly moving tropical disturbances. The moisture mode

may even represent some aspects of the MJO (Grabowski and

Moncrieff, 2004).

A particularly interesting linearized two-dimensional model

is that of Mapes (2000). Following from earlier work on the ver-

tical structure of convective heating in the tropical troposphere

(Mapes, 1993; Mapes and Houze, 1995), Mapes (2000) devel-

oped a model in which this heating is a superposition of ‘deep

convective’ and ‘stratiform’ profiles with fundamental and first

harmonic baroclinic mode structures respectively. The convec-

tive heating is forced by the relaxation of CIN and the stratiform

heating lags the convective heating by a specified interval. The

result is an unstable, convectively coupled gravity mode which

moves at the observed speed of convectively coupled equatorial

Kelvin waves and has their observed vertical structure in tem-

perature. Others (e.g. Majda and Shefter, 2001b; Majda et al.,

2004; Khouider and Majda, 2006) have developed variations on

the original model of Mapes (2000). Recent observations (Straub

and Kiladis, 2002) and cloud resolving simulations of convec-

tively coupled gravity and equatorial Kelvin modes confirm the

two-mode vertical structure (Peters and Bretherton, 2006; Tulich

et al., 2007). However, questions remain as to the origin of this

structure; is it a consequence of the cloud physics of deep con-

vection, which is prone to producing heating in the upper tropo-

sphere and cooling below in its decaying phase, or is it more a

consequence of large scale dynamics?

We attempt to answer this question by exploring a simplified

model of the tropical atmosphere which is vertically resolved

and therefore does not presuppose the existence of a two-mode

vertical structure. Fuchs and Raymond (2007) developed such

a model as an extension to the shallow water models of (Fuchs

and Raymond, 2002, 2005). However, the convective closure of

these models assumes that precipitation is related solely to the

saturation fraction of the troposphere. The purpose of this paper

is to modify the forcing of precipitation in the model of Fuchs and

Raymond (2007) to include control of precipitation by CIN. In so

doing, we incorporate what we believe to be the most important

aspect of the equatorial wave model of Mapes (2000). Unlike

Mapes (2000), we assume only a simple, first baroclinic mode

heating profile in order to avoid imposing a priori a two-mode

solution on the dynamics.

Section 2 reexamines observations analysed by Straub and

Kiladis (2002) of a Kelvin wave in the tropical east Pacific.

Changes made to the model of Fuchs & Raymond (2007) to in-

corporate CIN control of precipitation appear in Section 3 while

parameter values needed by the model are estimated from ob-

servation in Section 4. Model results are compared with obser-

vations in Section 5 and conclusions are drawn in Section 6.

2. Observed structure of Kelvin waves

The Tropical East Pacific Process Study (TEPPS; Yuter and

Houze, 2000) stationed the research vessel Ronald H. Brown
near 125◦ W, 8◦ N for approximately 2 weeks in August 1997

in order to study the convection in the east Pacific intertropical

convergence zone (ITCZ). The ship was equipped with a C-band

scanning Doppler radar, made in situ weather observations, and

launched six radiosondes per day. As reported by Straub and Ki-

ladis (2002), this project observed a particularly clean example

of the passage of an equatorial Kelvin wave.

We analysed the radiosonde observations from this project to

obtain the time series of CIN and saturation fraction. The few bad

soundings in the time series were eliminated and interpolation

was made across the resulting data gaps. The deep convective

inhibition index (DCIN) was calculated as in Raymond et al.

(2003),

DCIN = st − sbl (1)

except that the boundary layer entropy sbl was defined as the

average moist entropy in the interval (800, 1000) hPa and the

threshold moist entropy st was taken as the average saturated

moist entropy over the interval (750, 800) hPa. These intervals

correspond roughly to the trade wind convection layer and the

trade wind inversion. The saturation fraction was calculated as

the ratio of precipitable water in the sounding to the precipitable

water which would have existed for the same temperature profile

but 100% relative humidity through the troposphere. In addition,

the surface flux of moist entropy Fes was estimated using the
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simple bulk formula

Fes = ρsCUe(sss − sbl), (2)

where ρs is the surface air density, C = 0.001 is the transfer

coefficient, Ue = (U2 + W2)1/2 is the effective surface wind,

where U is the actual observed boundary layer wind and W =
3 m s−1 is a gustiness correction (Miller et al., 1992), and sss is

the saturated moist entropy at the temperature and pressure of

the sea surface. A sea surface temperature of 29◦ C was assumed,

which is close to the observed value.

Figure 1 shows a time series of variables derived from TEPPS

soundings. The Kelvin wave axis passed the ship at approxi-

mately 2000 UTC on 18 August 1997 and was accompanied by

half a day of rain. The wind previous to the passage was easterly

and it increased in strength and veered to southeasterly as the

wave axis approached. At 2000 UTC the wind shifted abruptly

to out of the south and then became light westerly. Another short

period of rainfall occurred approximately 24 h after the first on-
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Fig. 1. Time series derived from TEPPS soundings of the passage of a

convectively coupled equatorial Kelvin wave through 125◦W, 8◦N. (a)

Zonal (Vx ; westerly positive) and meridional (Vy ; southerly positive)

components of the boundary layer wind. (b) Components st and sbl of

(c) deep convective inhibition DCIN. (d) Saturation fraction of

troposphere. The timing of significant rain was derived from Straub

and Kiladis (2002). Note the reversed time scale, which makes east to

the right in a time to space conversion following the wave.

set of rain. Note that both periods of rainfall were associated

with peaks in the saturation fraction near a value of 0.9.

Figure 1 also shows that negative excursions of DCIN coin-

cided with or led the development of rain. From 16 to 18 August

the decrease in DCIN was caused primarily by a decrease in

the threshold moist entropy st . After this time until the passage

of the wave axis both st and the boundary layer moist entropy

sbl increased somewhat, keeping DCIN near zero. Just after the

passage of the wave axis sbl decreased significantly, no doubt as

the result of convective downdrafts. This resulted in a significant

increase in DCIN.

Figure 2 indicates that the increased winds before and during

the passage of the wave axis caused a large increase in the surface

moist entropy flux. After the wave passage the fluxes dropped to

lower values consistent with the weak boundary layer winds at

this time. Figure 2 also shows that increased entropy values de-

veloped through the lowest 300 hPa as the wave axis approached.

Higher values then appeared aloft with a lag of ≈1 d. Evidently

shallow convection with tops below 700 hPa redistributed sur-

face fluxes efficiently before the passage of the wave axis. As

the wave passed, this convection apparently deepened, which

allowed the increased values of moist entropy to reach at least

300 hPa. The increase in moist entropy reflects an increase in the
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Fig. 2. Time series of (a) the profile of moist entropy perturbation
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4 J K−1 kg−1, thick line indicates zero perturbation, positive contours

solid, negative contours dashed) and (b) the estimated surface moist
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Fig. 3. Ship Ron Brown soundings at 4 h

intervals on 17 and 18 August 1997 at

125◦W, 8◦N. The left-hand curve in each

plot is the moist entropy and the right-hand

curve is the saturated moist entropy.

tropospheric humidity, which in turn is related to the observed

increase in saturation fraction during the rain periods.

Figure 3 shows radiosonde sounding plots from the Brown
at 4 h intervals from 1200 UTC on 17 August 1997 through

2000 UTC on 18 August. The soundings show the development

of a stable layer in the saturated moist entropy between 750

and 900 hPa, producing significant DCIN. This stable layer then

breaks down, leaving no DCIN at 2000 UTC on 18 August. The

decrease in the area between the moist entropy and the saturated

moist entropy curves in Fig. 3 reflects the increase in satura-

tion fraction over the period shown in Fig. 1. Note that a deep,

well-mixed PBL had developed by 2000 UTC. At no time dur-

ing this interval is there a lack of CAPE, as defined by a parcel

lifted adiabatically from 1000 hPa. However, the depth of the

unstable layer, as indicated by the maximum initial height of a

parcel exhibiting positive CAPE, increases dramatically over the

interval.

The increase in boundary layer moist entropy seen in Fig. 1

is likely due at least partially to the enhanced surface winds,

resulting in increased surface moist entropy fluxes. However,

a careful examination of Figs. 1 and 2 shows that the increase

in boundary layer moist entropy preceded the increase in wind

speed, indicating a different initial origin for the enhanced moist

entropy. Figure 3 shows that this initial increase occurred in a

shallow layer near the surface, probably as a result of boundary

layer redevelopment following a previous convective event. The

increase in moist entropy at the lowest levels may therefore be

at least partly coincidental and not coupled to the Kelvin wave

dynamics.

To summarize the observations, precipitation was linked to

both enhanced values of the saturation fraction and small or

negative values of DCIN, caused initially by a decrease in the

saturated moist entropy just above the planetary boundary layer.

The increase in saturation fraction began before the onset of pre-

cipitation. This probably resulted at least partially from the en-

hanced surface fluxes during this time, though some moistening

seemed to occur before the surface fluxes increased. Upstream

of the wave axis DCIN decreased as a result of the disappearance

of the stable layer centred near 750 hPa. Previous to its dissipa-

tion, the entropy excess was confined to below 700 hPa. Only

after the stable layer’s demise did the entropy increase above

this level. The deep convection and resulting precipitation were

thus related to the moistening of the atmosphere, but they were

delayed approximately one day by the existence of the stable

layer. Therefore, DCIN appears to have played a significant role

in the timing of the precipitation in this event.

The above results are derived from a single Kelvin wave.

Roundy and Frank (2004) developed a climatology of equatorial

waves from outgoing longwave radiation (OLR) and satellite-

derived precipitable water data. A particularly interesting re-

sult of this work is that while the Kelvin wave signal is as

strong as those of equatorial Rossby waves and the MJO in a
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wavenumber–frequency power spectral plot of OLR, the Kelvin

wave is much weaker than the other modes in an analogous pre-

cipitable water plot. (see their Figs. 2 and 3). Thus, for a given

anomaly in upper level cloudiness, the anomaly in precipitable

water is much less in Kelvin waves than in the other mentioned

modes. This is in contrast to the above-described TEPPS case

and suggests that the TEPPS observations may not be completely

representative.

3. Model

The model of Fuchs and Raymond (2007) found both slowly

propagating modes associated with moisture anomalies and more

rapidly moving convectively coupled gravity modes. However,

only the moisture modes were unstable. The equatorial wave

model of Mapes (2000) illustrates the importance of CIN in the

destabilization of gravity modes. Perhaps two fundamentally dif-

ferent destabilization mechanisms exist for tropical wave modes;

tropospheric humidification as explored by Sobel et al. (2001)

and Fuchs and Raymond (2002, 2005, 2007), and the relaxation

of CIN investigated by Mapes (2000). We seek to incorporate

both of these mechanisms into a minimal model which displays

their workings in as simple and clear a fashion as possible. We

accomplish this with an extension of the model of Fuchs and

Raymond (2007, hereafter FR).

The two-dimensional, linearized, Boussinesq system of FR

leads to an equation for the vertical velocity w

d2w(z)

dz2
+ m2w(z) = k2

ω2
SB(z) (3)

and polarization relations for the buoyancy b and the scaled moist

entropy perturbation e

b = (i/ω)(SB − �Bw) (4)

e = (i/ω)(SE − �E w), (5)

where the x and t dependence takes the form exp[i(kx − ω t)]
with k and ω being the zonal wavenumber and frequency. The

vertical wavenumber is m = k�1/2
B /ω and �B is the (constant)

square of the Brunt-Väisälä frequency. The scaled potential tem-

perature perturbation or buoyancy is defined b = gθ ′/TR , where

θ ′ is the perturbation potential temperature and TR = 300 K is a

constant reference temperature. The moist entropy perturbation

is scaled by g/Cp where g is the acceleration of gravity and Cp

is the specific heat of air at constant pressure. The quantity �E =
de0/dz where e0(z) is the scaled ambient profile of moist entropy.

The scaled moist entropy source term is denoted SE .

As in FR, we assume that

SB = (m0 B/2) sin(m0z) z < h, (6)

where B is independent of z and m0 = π/h, h being the height of

the tropopause. We therefore do not allow the shape of the heating

profile to vary with the phase of the wave, thus neglecting the

differences in heating profiles between convective and stratiform

regions postulated by Mapes (2000) and others.

The difference between the model of FR and the present model

lies entirely in the form of B. The vertically integrated heating

anomaly due to the scaled precipitation P and radiative cooling

rate R anomalies is assumed to take the form∫ h

0

SBdz = B = P − R = α(1 + ε)

×
∫ h

0

q(z)dz + μCIN(es − et ), (7)

where α is a moisture adjustment rate. The variable ε quantifies

the effect of cloud-radiation interactions which are assumed to

cause a radiative heating anomaly in phase with precipitation

(see Fuchs and Raymond, 2002). The profile of scaled mixing

ratio anomaly is given by

q(z) = e(z) − b(z) (8)

and has the scaling factor gL/(CpTR) where L is the latent heat

of condensation.

The first term on the right-hand side of eq. (7) is proportional

to the precipitable water anomaly and constitutes the entire heat-

ing in the model of FR. We use precipitable water rather than

the saturation fraction as suggested by Bretherton et al. (2004),

which is equivalent if the saturated precipitable water does not

change significantly. We have verified that variations in saturated

precipitable water have only minor effects in our model, and we

therefore have ignored these because of the complications that

they introduce.

The second term is new, and represents the effect of CIN on

heating. The quantity es is the scaled perturbation in boundary

layer moist entropy es = s′
blg/Cp , while et is a similarly scaled

threshold value of the perturbation moist entropy. Thus, the con-

tribution to precipitation and heating is positive when es > et and

negative otherwise. The constant μCIN governs the sensitivity of

precipitation rate to deep convective inhibition.

We set et equal to the saturated moist entropy perturbation at

elevation Dh, where D is this elevation expressed as a fraction of

the tropopause height h. In the simplified thermodynamic scheme

of FR, et is related to the buoyancy anomaly b(D) at elevation

Dh by

et =
[

1 + L

Cp

(
∂rs

∂T

)
p

]
b(D) ≡ λt b(D), (9)

where rs is the saturation mixing ratio at elevation Dh. In tropical

conditions near 800 hPa the dimensionless parameter λt ≈ 3.5,

a result easily verified from a skew T-log p chart.

The boundary layer moist entropy is subject to a balance pri-

marily between a positive tendency due to surface moist entropy

fluxes and a negative tendency due to convective downdrafts and

turbulent entrainment of dry air into the boundary layer. The de-

tails of this balance are difficult to represent in a simple model,

due to the complexity of the processes involved. Here we make
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the simple, but incomplete assumption that stronger surface wind

speeds cause increased surface evaporation which results in en-

hanced boundary layer moist entropy,

es = λs E . (10)

The quantity λs is a constant and E is the surface evaporation rate

anomaly scaled with the same scale factor as q. The evaporation

rate anomaly takes the form

E = C�qUus

(U 2 + W 2)1/2
, (11)

where C is the surface bulk transfer coefficient, �q is the scaled

difference between the saturation mixing ratio at the sea surface

temperature and pressure and the subcloud mixing ratio, U is

the ambient zonal wind at the surface, W ≈ 3 m s−1 is a constant

needed to account for gustiness (Miller et al., 1992), and us is the

perturbation surface zonal wind obtained from w via mass conti-

nuity. Fortunately, as we show below, fluctuations in the surface

moist entropy have little effect on the fundamental dynamics of

our convectively coupled gravity modes.

To summarize, the vertically integrated heating can be written

as the sum of three contributions, B = P1 + P2 − R, where

P1 = α

∫ h

0

q(z) dz (12)

P2 = μCIN [λs E − λt b(D)] (13)

R = −αε

∫ h

0

q(z) dz. (14)

We further subdivide P2 into a part P2s having to do with surface

flux variations

P2s = μCINλs E (15)

and a part P2t related to variations in the buoyancy above the

boundary layer

P2t = μCINλt b(D). (16)

We finally note that the vertical integral of the moist entropy

source term SE can be related to the scaled surface evaporation

rate E and radiative cooling rate R anomalies∫ h

0

SE dz = E − R (17)

in the absence of significant surface sensible heat fluxes.

Solution of (3) with an upper radiation boundary condition

yields

w(z) = m0 B

2�B(1 − �2)

[
sin(m0z) + � exp

(
− iπ

�

)
sin(mz)

]
(18)

and substitution of this into (4) results in

b(z) = − im0 B

2ακ(1 − �2)

[
� sin(m0z) + exp

(
− iπ

�

)
sin(mz)

]
(19)

for the troposphere, where κ = h�
1/2
B k/(πα) is the dimensionless

wavenumber and where � = ω/(ακ) = m0/m is the dimension-

less phase speed. Combining (4), (5), (7) and (8) results in an

equation for the vertically integrated heating B,

B = − iκ� + ε

1 − iκ�
μCIN[λs E − λt b(D)]

+ 1 + ε

1 − iκ�

[
E + (1 − �M )

∫ h

0

�Bwdz

]
, (20)

where �M is a version of the gross moist stability of Neelin and

Held (1987) and is defined here as

�M =
∫ h

0

�E wdz

/∫ h

0

�Bwdz . (21)

Finally, combining (18)–(20) with the help of (9)–(11) results in

the dispersion relation

κ�3 + i�2 − κ� − i + i(1 + ε)(1 − �M )F(�) − �G(�)/κ

+ (ε + iκ�)[χt L(D, �) + χs�G(φ)/(1 + ε)]/κ = 0,
(22)

where the dimensionless WISHE parameter � (wind-induced

surface heat exchange; Yano and Emanuel, 1991) is defined

� = (1 + ε)m0C�qU

2α�
1/2
B (U 2 + W 2)1/2

. (23)

The dimensionless parameters χt = λtμCINm0/(2α) and χs =
λsμCIN represent the sensitivity of precipitation to buoyancy

anomalies above the PBL and to surface entropy flux variations.

Setting χs = χt = 0 returns us to the dispersion relation of FR.

FR assumed that the scaled ambient moist entropy e0(z) takes

a piecewise linear form in the troposphere, which results in a

gross moist stability �M equal to

�M = �e[2H − 1 + cos(π H ) + K (H , �)]

2H (1 − H )F(�)

≈ �e[2H − 1 + cos(π H )]

2H (1 − H )
. (24)

As described by FR, the parameter H is the fractional height

relative to the tropopause of the minimum in the ambient moist

entropy profile and �e is the scaled difference between the sur-

face and tropopause values of moist entropy (assumed to be the

same) and the minimum value at this height. The approximated

form on the right-hand side of eq. (24) is valid when |�|2 �
1, as is true for all of the interesting modes studied here. Note

that this approximate form is real and independent of �, which

means that �M can be treated as a constant external parameter

under these conditions.

The auxiliary functions F(�), G(�), K(H, �) and L(D, �) are

defined

F(�) = 1 + �2

2
exp

(
− i

π

�

)[
1 − cos

(
π

�

)]
, (25)

G(�) = 1 + exp(−iπ/�), (26)
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K (H , �) = �2 exp

(
− i

π

�

)

×
[

H − 1 − H cos

(
π

�

)
+ cos

(
π H

�

)]
, (27)

L(D, �) = exp(−iπ/�) sin(π D/�) + � sin(π D). (28)

4. Parameter estimation

Table 1 lists the dimensionless free parameters occurring in the

dispersion relation (22), and the range of values used in the

present work. The first three of these, ε, H and �e, are assigned

the values used in FR, resulting in �M ≈ 0. Here we consider the

WISHE parameter � and the three additional parameters asso-

ciated with the control of convection by CIN; the scaled height

of the controlling stable layer for convection D, the sensitiv-

ity of precipitation to stable layers at this elevation χt and the

sensitivity of precipitation to surface moist entropy fluxes χs .

Certain dimensional variables are needed to compute these

non-dimensional parameters. These, with their assumed values,

include the depth of the troposphere h = 15 km, the Brunt-

Väisälä frequency �
1/2
B = 0.01 s−1 and the moisture adjustment

rate α = (1 d)−1. The fundamental baroclinic mode vertical

wavenumber is m0 = π/h = 2.09 × 10−4 m−1 and the speed

of hydrostatic gravity waves with this vertical structure is

�
1/2
B /m0 = 48 m s−1.

Examination of Fig. 1 suggests that the zonal wind averaged

before and after the passage of the Kelvin wave is about 2 m s−1

from the east. Using the other parameter values assumed in FR,

this leads to a dimensionless WISHE parameter of � ≈ −0.28.

We also are interested in the simpler case in which there are no

mean easterlies. According to (23), � = 0 in this case. Observa-

tions show that stable layers occur frequently near an elevation

of 2 km in the tropics (Firestone and Albrecht, 1986; Raymond

et al., 2003). For h = 15 km, this corresponds to D = 0.17.

Table 1. Non-dimensional free parameters in the dispersion

relation (22). WISHE indicates wind-induced heat exchange

while CIN means convective inhibition. The typical values used

in the present calculations are given in the second column

Parameter Value Comment

ε 0.2 Cloud-radiation interaction

H 0.5 Scaled height of moist entropy minimum

�e 0.26 Scaled magnitude of entropy minimum

�M ≈0 Approximate gross moist stability

� 0, − 0.28 WISHE parameter

D 0.17 Scaled height of CIN threshold layer

χs 7 Sensitivity to surface entropy flux

χt 12 Sensitivity to stable layers

The next easiest parameter to estimate is χs . According to (12)

and (13),

χs = λsμCIN = ∂ P

∂ E
, (29)

where the buoyancy at z = Dh and the precipitable water are

held constant. Measurements in the east Pacific ITCZ during the

EPIC project (Raymond et al., 2004) showed the dependence of

infrared brightness temperature T I R on both precipitation rate

and surface moist entropy flux Fes at constant DCIN. Since the

sensible heat flux is much less than the latent heat flux at the

ocean surface, the entropy flux can be related approximately to

the evaporation rate. Using these measurements we find that

∂ P

∂ E
≈ L

TR

∂TI R/∂ Fes

∂TI R/∂ P
≈ 1.7 (30)

for EPIC. Unfortunately, these measurements were uncontrolled

for precipitable water. However, Back and Bretherton (2005)

used satellite measurements over the entire Pacific ITCZ to infer

the dependence of precipitation on boundary layer wind speed

U for different values of column relative humidity or saturation

fraction, that is, precipitable water divided by saturated precip-

itable water. Values of ∂P/∂E ranged from 2 to 9 as the satura-

tion fraction increased from 0.71 to 0.80. (We used a conversion

factor ∂U/∂E = 2 (m s−1)/(mm d−1) based on plausible bulk

flux formula parameters.) Unfortunately, these numbers are not

controlled for convective inhibition. Given the uncertainties in

both sets of numbers, we tentatively assume a plausible range of

values for χs to be 2 < χs < 8.

Less certain is the evaluation of χt . Perhaps the easiest route

to the determination of this parameter is an indirect one via the

definition of χs and an independent estimate of λs : from the

definition of χt and (29) we have

χt = λtμCINm0

2α
= λtχsm0

2αλs
. (31)

As (10) shows, λs can be written

λs = ∂es

∂ E
≈ ρbl

∂sbl

∂ Fes
, (32)

where the partial derivative is taken at constant precipitable water

and b(D) and where ρbl is the boundary layer air density. From

Figs. 1 and 2 we note that the boundary layer entropy and surface

fluxes increase as the Kelvin wave approaches the ship, with

�sbl ≈ 15 J K−1 kg−1 and �Fes ≈ 0.4 J K−1 m−2 s−1, resulting in

λs ≈ 45 s m−1 if ρbl = 1.2 kg m−3.

One can argue that the above estimate is flawed in that the

mean value of boundary layer moist entropy (or equivalent po-

tential temperature) actually does not change much in going from

convectively quiescent to active regions; the standard deviation

of the moist entropy simply increases, as there are higher values

due to the stronger winds and surface fluxes which typically oc-

cur under these conditions, and there are lower values due to the

deposition of low entropy air in the boundary layer by convec-

tive downdrafts (see Raymond, 1995). Averaging the boundary
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layer entropy over the full passage of the Kelvin wave (see

Fig. 1) supports this view. Thus an alternative estimate on this

basis would be λs ≈ 0.

For the purposes of this paper we pick intermediate values with

the range 15 s m−1 ≤ λs ≤ 30 s m−1. Together with the condition

2 ≤ χs ≤ 8, the region in the χs − χt plane to be studied is

shown by the unshaded area in Fig. 10. As a control case, we pick

χs = 7 and χt = 12. This choice is represented by the black dot

in Fig. 10.

5. Results

We first discuss results for the parameter set presented in table 1

with � = 0. In this case there are no mean easterlies, WISHE

is turned off, and the value of λs becomes irrelevant. In other

words, surface heat flux variations have no modulating effect

on convective heating in the linearized case presented here and

the DCIN is controlled exclusively by variations in the saturated

moist entropy at the top of the PBL.

The roots of the dispersion relation (22) were obtained numer-

ically. Fig. 4 shows the phase speed Re (ω)/k and the growth rate
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Fig. 4. Real part of phase speed (upper panel) and imaginary part of

frequency (lower panel) for the control case with � = 0. The dotted

lines show the moisture mode, solid lines show the eastward and

westward moving gravity modes, and short-dashed lines show rapidly

moving gravity waves with fundamental baroclinic mode structure.

Note that the growth rates of eastward and westward modes coincide in

this plot.

Im(ω) as a function of zonal wavenumber l, defined as the cir-

cumference of the earth divided by the zonal wavelength. Three

types of modes are seen; a single stationary moisture mode un-

stable over a wide range of wavenumbers; eastward and west-

ward moving convectively coupled gravity modes with phase

speeds near 18 m s−1 and maximum growth rates near l = 7; and

fast but decaying gravity modes moving to the east and west

with phase speeds near the fundamental baroclinic mode speed

of 48 m s−1. In the absence of mean easterlies the modes ex-

hibit east-west symmetry. Not shown are higher harmonics of

convectively coupled gravity modes which move with speeds

near 10 m s−1 and have much lower growth rates than the other

modes.

Due to the beta effect near the equator, the westward-moving

modes have no analog in the earth’s atmosphere. However, equa-

torially trapped Kelvin waves have the same zonal dynamics and

dispersion relations as the eastward-moving gravity modes as

long as surface friction is neglected. Comparison with the ob-

servational results of Wheeler and Kiladis (1999) and Roundy

and Frank (2004) shows good agreement between the illus-

trated convectively coupled mode’s phase speed and the observed

equatorial Kelvin waves. Furthermore, the maximum in the com-

puted growth rate near l = 7 agrees well with the wavenum-

ber of maximum Kelvin wave spectral power shown in these

papers.

The vertical structure of the eastward-moving convectively

coupled gravity mode is in good agreement with the observed

zonal-height structure of Kelvin modes. Figure 5 shows the con-

vective heating and buoyancy anomalies in the x − z plane for the

eastward-moving gravity mode. The characteristic ‘boomerang’

structure noted by Wheeler et al. (2000) and Straub and Kiladis

(2002) in observations and by Peters and Bretherton (2006) and

Tulich et al. (2007) in cloud resolving numerical simulations

is seen in our model result, with westward-tilting contours of

buoyancy anomaly up to the tropopause, topped by eastward-

tilting contours in the stratosphere. The level at which the tilt

changes sign is somewhat higher than observed by Straub and

Kiladis (2002). This could be related to the simplified heating

profile used in our model. Positive buoyancy anomalies are seen

in the middle and upper troposphere in the region of maximum

convective heating, with negative anomalies below. This is con-

sistent with the net generation of available potential energy by

the heating. We note that the gravity mode structure seen here is

absent in the decaying gravity modes of FR.

The origin of the buoyancy anomaly structure becomes clear

when the solution for the anomaly is split into homogeneous

and inhomogeneous parts, represented respectively by the terms

proportional to sin (mz) and sin (m0z) in (19). These are shown in

Figs. 6 and 7. The inhomogeneous part of the buoyancy anomaly

leads the rightward-moving heating maximum and has a simple,

vertically oriented structure. The homogeneous part is larger in

amplitude and more complex, with a tilt to the west below the

tropopause (z/h < 1) and an eastward tilt above (z/h > 1). The
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Fig. 5. Heating anomaly (shading with lighter indicating positive

values) and perturbation buoyancy (or temperature; solid contours

indicating positive values, dashed contours negative, with the heavy

contour indicating zero) for the convectively coupled gravity mode with

no WISHE (� = 0) at the zonal wavenumber of greatest instability

l = 7, as a function of wave phase (x/λ where λ is the horizontal

wavelength) and scaled height z/h. The contour interval is arbitrary.

Fig. 6. As in Fig. 5 except just the homogeneous part of the buoyancy.

solution above the tropopause is b ∝ exp[i(kx − mz)], which

explains the eastward tilt. The vertical wavenumber m has a

negative imaginary part, which causes a decrease in amplitude

with height. This part of the solution is consistent with an up-

Fig. 7. As in Fig. 5 except just the inhomogeneous part of the

buoyancy.

ward radiation boundary condition of an exponentially growing

solution.

Below the tropopause the sinusoidal form of homogeneous

part of the buoyancy anomaly can be written in terms of complex

exponentials as b ∝ exp[i(kx + mz)] − exp[i(kx − mz)]. Near the

surface the exponential terms have nearly the same amplitude and

the resulting interference pattern therefore has nearly vertically

aligned constant phase lines. However, at higher altitudes (but

below the tropopause) the negative imaginary part of m causes the

first term to dominate, resulting in the westward tilt of constant

phase lines seen in Fig. 6.

The tilts of constant phase lines below the tropopause depend

in this model on the fact that the mode is growing in amplitude

with time. This explains why the tilted structure was not seen in

the decaying modes of FR. One might argue that non-intensifying

convectively coupled modes should therefore exhibit non-tilted

constant phase lines below the tropopause. This would be true

if such steady modes exhibited no dissipation. However, it is

easy to demonstrate that a model in which Newtonian damping

stabilizes an otherwise growing mode retains the spatial structure

of the undamped mode. Therefore, as long as the mode is either

intensifying or is neutral due to Newtonian or similar damping,

the tilted structure below the tropopause is robust.

Figure 8 shows the pattern of vertical velocity relative to the

pattern of heating. The vertical velocity is mostly proportional

to the heating as expected, but deviations from this balance show

a westward tilt in the troposphere, exhibiting enhanced upward

motion at low levels on the east side of the heating and enhanced

ascent at high levels on the west side, as is seen in observed

Kelvin waves.
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Fig. 8. As in Fig. 5 except that the contours show vertical velocity

instead of buoyancy anomaly.

With the above-noted tilts, our model reproduces the observed

vertical structure of convectively coupled equatorial Kelvin

waves. This is true in spite of the fact that the shape of verti-

cal profile of heating is (by design) independent of wave phase.

Our results therefore challenge the assertion of Mapes (2000),

Majda and Shefter (2001b), etc., that the boomerang structure

of equatorial Kelvin waves is due to phase-lagged bimodal con-

vective heating.

We now explore the effects of turning on WISHE in the model.

Figure 9 shows the phase speeds and growth rates of all modes

for the parameter choices shown in Table 1 with � = −0.28,

corresponding to mean easterly flow. The changes in compari-

son to the non-WISHE case shown in Fig. 4 are fairly minor; the

moisture mode now moves to the east for long wavelengths and

the eastward-moving convectively coupled mode has a slightly

higher maximum growth rate at a somewhat longer wavelength

than the westward-moving mode. The variations in phase speed,

maximum growth rate, and wavenumber for this maximum are

shown as a function of λs and λt for the eastward-moving con-

vectively coupled mode in Fig. 10. The changes in the structure

of the convectively coupled gravity modes compared to the non-

WISHE case are very small and are not shown.

The moisture mode has a very different vertical structure than

the convectively coupled gravity mode. Figure 11 illustrates the

heating and buoyancy anomalies for the moisture mode with

wavenumber l = 2 and mean easterly flow. As Fig. 9 shows,

the moisture mode at this wavenumber propagates to the east

as a result of the WISHE mechanism. This is reflected in the

eastward shift of the heating maximum relative to the buoyancy

maximum. The buoyancy anomaly does not exhibit the tilted

structure seen in the gravity mode in the troposphere. However, in
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Fig. 9. As in Fig. 4 except that WISHE is turned on (� = −0.28). The

solid line represents the eastward-moving convectively coupled gravity

mode while the long-dashed line represents the corresponding

westward-moving mode.

the stratosphere an eastward tilt is seen, as is to be expected of an

eastward-moving disturbance. The vertical velocity accurately

mirrors the heating in the troposphere for this mode, and is not

shown for this reason. Moisture mode growth rates are relatively

insensitive to variations in χs and χt , though increasing χs tends

to decrease eastward propagation speeds.

The slow eastward movement at small wavenumbers of the

moisture mode tempts us to identify this mode with the MJO.

However, the growth rate of this mode decreases somewhat at

long wavelengths and there are many other factors to be consid-

ered in relation to the MJO, such as the questionable existence

of mean equatorial easterlies, the possible role of meridional

moisture gradients (Sobel et al., 2001), off-equatorial vortical

structure, etc. Nevertheless, the suggestion that the mechanism

of moisture mode instability may play some role in the dynam-

ics of the MJO remains plausible, especially given the results of

Grabowski (2003) and Grabowski and Moncrieff (2004) using

fine-scale numerical modeling, which show that the MJO-like

disturbance in their model vanishes when tropospheric moisture

variability is suppressed. As Sobel et al. (2001) point out, many

slowly propagating convective modes in the tropics exhibiting

a broad range of scales may depend on the moisture mode

mechanism. This is consistent with the lack of scale selectiv-

ity seen in this mode.
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Fig. 10. The allowed range of parameters χs and χt suggested by

observation is encompassed by the polygon. The thick solid contours

represent values of maximum growth rate for convectively coupled

gravity modes in units of inverse days, the thin solid contours represent

phase speed in metres per second, and the thick dashed contours

indicate the zonal wavenumber for which the growth rate is maximal.

The dot represents the parameter set in Table 1.

The identification of the eastward-moving convectively cou-

pled gravity mode with the equatorial Kelvin wave is more ro-

bust. This mode is only modified slightly by WISHE and is

relatively insensitive to variations in χs . Increasing χs tends to

increase the ratio of P2s to P2t . The greatest parameter sensitivity

of the gravity mode is to variations in χt , with increasing values

of this parameter associated with higher growth rate maxima oc-

curring at shorter wavelengths, as is illustrated in Fig. 10. Setting

χt = 0 causes the gravity mode to decay.

Figure 12 shows the various contributions to the total pre-

cipitation as a function of wave phase for the eastward-moving

Fig. 11. Heating rate and buoyancy anomaly as in Fig. 5 except for

moisture mode with wavenumber l = 2 and with WISHE turned on.

convectively coupled gravity mode at zonal wavenumber l =
5.5, which is the wavenumber of maximum growth rate for the

eastward-moving gravity mode with WISHE. Most of the pre-

cipitation associated with this wave comes from P2t , that is, the

reduction of CIN as a result of wave-induced cooling above the

PBL. There is a significant contribution to the precipitation from

P2s , but this has little effect on the wave growth rate as the result-

ing heating is in quadrature with the dominant heating associated

with P2t . This is consistent with the result that turning off WISHE

causes only minor changes in wave behaviour. This component

of the heating also has only minor effect on the propagation speed

of the mode since the vertical wavelength of the homogeneous

part of the solution, which determines the propagation speed, is
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Fig. 12. Decomposition of precipitation as a function of wave phase

for the eastward-moving convectively coupled gravity mode with zonal

wavenumber l = 5.5 and with WISHE turned on.
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largely set by the upper radiation boundary condition. Very little

of the precipitation is associated with precipitable water pertur-

bations, that is, P1, in agreement with the near-invisibility of

the equatorial Kelvin wave in the satellite-observed precipitable

water field.

Some disagreement exists between our results and the obser-

vations of the TEPPS Kelvin wave. In particular, though DCIN

shows a decrease a few days before the wave due to a decrease

in st as predicted by the model, the picture gets more compli-

cated within 24 h of the wave passage; increases in both sbl and

st result in DCIN remaining near zero. Perhaps sbl increases at

least partially because of increased surface fluxes, and st follows

as the resulting convection stabilizes the environment.

The moisture mode has very different characteristics. For large

wavenumbers (l = 10) the precipitation is almost completely as-

sociated with P1, or precipitable water anomalies, as Fig. 13

shows. Changes in CIN due to changes in buoyancy of air above

the PBL (P2t ) are negligible and only a small amount of pre-

cipitation comes directly from surface fluxes (P2s). As with the

gravity mode, this contribution is in quadrature with the primary

heating, resulting in weak propagation to the east.

For longer wavelengths (l = 2), the picture is more compli-

cated. Buoyancy anomalies above the PBL (P2t ) have a somewhat

larger effect, but are still minor compared to the effect of pre-

cipitable water anomalies. However, surface fluxes play a much

larger direct role, with P2s being almost as large in magnitude
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Fig. 13. As in Fig. 12 except for moisture mode with zonal

wavenumbers l = 2 (upper panel) and l = 10 (lower panel).

as P1. This is again in quadrature with P1, so it acts primarily

to induce the eastward propagation of moisture modes at long

wavelengths.

6. Conclusions

This paper presents a minimal model for convectively coupled

tropical disturbances in a non-rotating environment. The rainfall

rate produced by the model is a function of both tropospheric

precipitable water and convective inhibition, as suggested by

observation. Two types of unstable modes are predicted by this

model, a slowly moving ‘moisture mode’ in which the primary

control of precipitation is the precipitable water, and a more

rapidly propagating ‘gravity mode’ in which precipitation is con-

trolled primarily by changes in convective inhibition associated

with wave-induced buoyancy anomalies just above the planetary

boundary layer. The gravity mode has almost the same zonal

dynamics as equatorial Kelvin waves and inferences about the

eastward-moving branch of the former can be applied to the latter

mode. The gravity mode is relatively insensitive to WISHE.

Two elements distinguish the present model from its predeces-

sors. First, the model is able to produce both the moisture mode

and the convectively coupled gravity mode. Second, the model

reproduces the observed structure of the gravity mode without

imposing it a priori via complicated heating profiles associated

with shallow convection and stratiform rain.

The first element arises from the observationally driven real-

ization that both convective inhibition and tropospheric precip-

itable water act to control precipitation. Our results suggest that

different types of atmospheric phenomena over tropical oceans

act to produce precipitation primarily through one or the other

of these mechanisms.

The second element constitutes a major simplification over the

models of Mapes (2000), Majda and Shefter (2001b), Khouider

and Majda (2006), etc., in which the two-mode vertical structure

of the equatorial Kelvin wave is linked to a similar two-mode

structure in the vertical heating profile. Our model shows that a

simple first baroclinic mode heating profile is sufficient by itself

to produce the observed two-mode structure of the Kelvin wave.

This gets to a fundamental point of convectively coupled

Kelvin wave dynamics: Does the observed two-mode vertical

structure result from the cloud physics of stratiform rain areas

or does it come from the intrinsic dynamics of the Kelvin wave

itself? Our results point to the latter and further suggest that the

evolution of cloud behaviour through the life cycle of a Kelvin

wave passage is governed primarily by wave dynamics rather

than cloud physics. The mechanisms by which this occurs are

still being sorted out, but the recent results of Tulich et al. (2007)

may point the way.

The moisture mode produced by the current model is very

similar to that seen in models which omit the dependence of

precipitation rate on convective inhibition, such as Fuchs and

Raymond (2002, 2007). Identification of this mode with actual
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tropical disturbances is still in question, but Sobel et al. (2001)

suggest many possible candidates. One difference between our

results and those of Sobel et al. (2001) is that negative gross moist

stability (or at least a negative equivalent gross moist stability

including the effects of cloud-radiation interactions) is needed

to destabilize the moisture mode in our case. However Sobel

et al. (2001) show that moisture modes can become unstable in a

three-dimensional, rotating environment exhibiting meridional

moisture gradients even when the gross moist stability is posi-

tive. The difference between our model and that of Sobel et al.

(2001) lies primarily in the large-scale dynamics and not in the

precipitation closure.

The propagation speed of the gravity mode (≈18−19 m s−1) is

comparable to observed Kelvin wave propagation speeds, and for

a reasonable choice of model parameters the maximum growth

rate occurs near the zonal wavenumber of observed maximum

spectral energy for this mode (l ≈ 5−7). Furthermore, the tilted

vertical structure of the temperature perturbation agrees with ob-

servations. These factors suggest that our model comes close to

capturing the essential physics of convectively coupled equato-

rial Kelvin waves.
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