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Abstract11

The analytical model of convectively coupled gravity waves and moisture modes of Ray-12

mond and Fuchs (2007) is extended to the case of top-heavy and bottom-heavy con-13

vective heating profiles. Top-heavy heating profiles favor gravity waves, while bottom-14

heavy profiles support moisture modes. The latter behavior results from the sensitivity15

of moisture modes to the gross moist stability, which is more negative with bottom-16

heavy heating.17

A numerical implementation of the analytical model allows calculations in the two-18

dimensional non-rotating case as well as on a three-dimensional equatorial beta plane.19

In the two-dimensional case the analytical and numerical models are mostly in agree-20

ment, though minor discrepancies occur. In three dimensions the gravity modes become21

equatorial Kelvin waves while the moisture modes are more complex and require further22

investigation.23
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1 Introduction24

A generally accepted theory that models the interactions between large-scale motions25

and deep convection in the tropics is still missing. We are closer to understanding the26

convectively coupled equatorial waves which correspond in the dry atmosphere to Mat-27

suno’s (1966) solutions, but tropical disturbances such as the Madden-Julian oscillation28

(MJO) and easterly waves are still incompletely understood. Historically it was thought29

that quasi-equilibrium theory, which assumes that disturbances have a first baroclinic30

mode form in the vertical can explain the main features of the convectively coupled31

equatorial waves. Although quasi-equilibrium theory is useful for many applications,32

today we know that the equatorial waves cannot be characterized only by the first baro-33

clinic mode, but that we need the higher order vertical structure. The open questions34

are the dynamical role of the vertical structure and to what extent it is important.35

Emanuel (1987) introduced a highly simplified form of the convective quasi-equilibrium36

hypothesis of Arakawa and Schubert (1974) in a linearized model for the MJO. Deep37

convection is assumed to be near equilibrium with mechanisms which create convective38

available potential energy (CAPE), while additional processes such as wind-induced sur-39

face heat exchange (WISHE) act to destabilize the modes. This model is characterized40

as implementing strict quasi-equilibrium, since the convection drives the atmosphere41

instantly to a moist adiabat consistent with the equivalent potential temperature of the42

boundary layer, which is determined by the interactions of surface fluxes, radiation and43

vertical motion.44

Various models proposed by Yano and Emanuel (1991), Emanuel (1993), Emanuel45
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et al. (1994), Neelin and Yu (1994) follow from a relaxation of strict quasi-equilibrium46

theory; convective effects are assumed to lag the forcing by the typical convective time47

scale of a few hours rather than occurring instantaneously. The phase speeds of dis-48

turbances with first baroclinic mode vertical structure in quasi-equilibrium with con-49

vection are reduced compared with corresponding free adiabatic modes and the modes50

are damped rather than neutral as in strict quasi-equilibrium. However, the first baro-51

clinic mode structure of simple quasi-equilibrium models, such as those noted above,52

does not capture the observed complex vertical structure of the temperature, heating53

and vertical velocity for convectively coupled equatorial Kelvin waves from Straub and54

Kiladis (2003) and Kiladis et al. (2009).55

To solve this problem, Mapes (2000) proposed a two-vertical-mode model where56

the vertical heating profile is a superposition of deep convective and stratiform parts.57

The deep convective profile has the structure of the first baroclinic mode, while the58

stratiform has vertical wavelength half that of the deep mode. The stratiform mode59

lags the deep convective mode as a result of assumed cloud microphysical processes.60

Particular significance in the Mapes model is given to the convective inhibition (CIN)61

closure, without which there are no wave disturbances. When CIN is turned on, the un-62

stable convectively coupled gravity waves have the observed phase speed of convectively63

coupled Kelvin waves.64

Subsequent two-mode models were developed by Majda and Shefter (2001a, b) and65

Majda et al. (2004). Those models used a lower tropospheric CAPE which bears more66

relationship to a CIN closure than to the full tropospheric CAPE closure of quasi-67
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equilibrium models. The models developed by Khouider and Majda (2006, 2008) and68

Kuang (2008) differ from earlier models in that they rely on the effect of midtropospheric69

humidity to control the depth of convection. This so-called moisture-stratiform mode70

derives its lag between shallow convection, deep convection, and stratiform conditions71

from this humidity dependence rather than from cloud microphysical delays in the72

production of stratiform rain. The moisture–stratiform instability appears to be the73

main instability mechanism for convectively coupled wave development in the cloud-74

system-resolving model simulations.75

To avoid the quasi-equilibrium and imposed two-vertical-mode assumptions in the76

above models, Fuchs and Raymond (2007) and Raymond and Fuchs (2007) developed a77

vertically resolved model that produces the observed complex vertical structure of con-78

vectively coupled Kelvin waves assuming a simple, sinusoidal vertical heating profile.79

The Raymond and Fuchs (RF07) model is a linearized, two-dimensional non-rotating80

model of the tropical atmosphere which incorporates three crucial factors into its con-81

vective closure. These factors, based on the results from observations and numerical82

models are the importance of convective inhibition (Raymond et al. 2003; Firestone83

and Albrecht, 1986), the control of precipitation by the saturation fraction or column84

relative humidity of the troposphere (Bretherton et al., 2004; Sobel et al., 2004; Lucas85

et al., 2000; Derbyshire et al., 2004; Raymond and Zeng, 2005) and the effects of sur-86

face moist entropy fluxes (Raymond et al., 2003; Back and Bretherton, 2005; Maloney87

and Esbensen 2005). The resulting modes are fast gravity waves, convectively coupled88

gravity waves and the so-called moisture mode. The moisture mode arises as a conse-89
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quence of the moisture prognostic equation and is consistent with the results obtained90

using the weak temperature gradient approximation (WTG) of Sobel et al. (2001) in91

the limit of zero meridional moisture gradient. Unstable moisture modes arise when92

two conditions are satisfied: (1) precipitation increases with tropospheric humidity, and93

(2) convection itself, possibly working with convectively coupled surface flux and ra-94

diation anomalies, tends to increase the humidity (Sugiyama, 2009a, b). Though not95

emphasized by these authors, Neelin and Yu (1994) obtained moisture modes in their96

linearized quasi-equilibrium model.97

RF07 show that two large-scale modes predicted by their model are unstable, a98

slowly propagating moisture mode which is driven primarily by saturation fraction99

anomalies and negative effective gross moist stability, and a convectively coupled gravity100

mode which is governed by anomalies in convective inhibition caused by buoyancy101

variations just above the top of the planetary boundary layer. The gravity mode is102

assumed to map onto the equatorial Kelvin wave in the earth’s atmosphere and its103

propagation speed and vertical structure are in agreement with observation (Straub104

and Kiladis, 2002). Since a CIN closure differs from a lower tropospheric CAPE closure105

only by the depth range over which parcel buoyancy is taken to control convection, this106

model is clearly similar to the Khouider and Majda (2006, 2008) and Kuang (2008)107

models. However, it differs in that it shows that the essential results of these models108

can be obtained without assuming variation in the vertical heating profile with wave109

phase.110

The disturbances predicted by two-vertical-mode models appear to have the char-111
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acteristics of convectively coupled Kelvin waves. On the other hand there is increasing112

evidence that the MJO is in essence a moisture mode (Maloney and Esbensen 2005;113

Raymond and Fuchs 2009; Sobel et al. 2009).114

In this paper we use the same thermodynamics as in RF07, but consider different115

heating and moisture profiles. In particular, we examine the effects of top and bottom-116

heavy vertical heating profiles. Moisture profiles are also varied to produce different117

values of the gross moist stability (GMS). Additionally we develop a numerical version118

of the model which allows us to expand from two dimensions into a three-dimensional119

equatorial beta plane, thus allowing rotation to play a role. This enables us to explore120

the behavior of the unstable modes in a more realistic environment. We find that con-121

vectively coupled Kelvin waves are favored by top-heavy heating profiles with positive122

GMS. In contrast, the unstable moisture modes are produced whenever the GMS is123

negative. Section 2 develops the modified analytical model equations and section 3124

presents the results of the analytical model. The numerical model is developed in sec-125

tion 4 and the results from the model for two and three dimensional cases are given in126

section 5. Conclusions are drawn in section 6.127

2 Analytical model128

The linearized, slab symmetric governing equations (horizontal momentum equation,129

hydrostatic equation, mass continuity and thermodynamic equations for buoyancy b,130

mixing ratio q and moist entropy e in a non-rotating two-dimensional atmosphere at131

rest under the Boussinesq approximation are:132
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∂u

∂t
+

∂Π

∂x
= 0 (1)

∂Π

∂z
− b = 0 (2)

∂u

∂x
+

∂w

∂z
= 0 (3)

∂b

∂t
+ ΓBw = SB (4)

∂q

∂t
+ ΓQw = SQ (5)

∂e

∂t
+ ΓEw = SE (6)

In the above equations u is the horizontal wind perturbation, Π is the mean potential133

temperature times the Exner function perturbation, w is the vertical velocity perturba-134

tion. The buoyancy perturbation is defined as b = gs
′

d/TR where s
′

d is the perturbation135

dry entropy that comes from dry entropy being split into mean and perturbation parts136

sd = sd0(z) + s′d, g is the acceleration of gravity and TR = 300K is a constant ref-137

erence temperature. ΓB = (g/Cp)dsd0/dz is the constant square of the Brunt-Väisälä138

frequency where Cp is the specific heat of air at constant pressure. The scaled buoyancy139

source term is SB = (g/Cp)dsd/dt. The moist entropy perturbation is scaled by g/Cp,140
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e = (g/Cp)s
′

where s
′

is the perturbation moist entropy; s = s0(z) + s′. The scaled141

moist entropy gradient is ΓE = (g/Cp)ds0/dz and the scaled moist entropy source142

term is SE = (g/Cp)ds/dt. The scaled mixing ratio anomaly is given by q = e − b,143

q = (gL/CpTR)r
′, where the mixing ratio r = r0(z)+ r′, and L is the latent heat of con-144

densation. The scaled mixing ratio gradient is ΓQ = (gL/CpTR)dr0/dz and the scaled145

mixing ratio source term is SQ = (gL/CpTR)dr/dt.146

The equations (1) to (6) lead to an equation for the vertical velocity w147

d2w(z)

dz2
+m2w(z) =

k2

ω2
SB(z), (7)

and the heating profile is assumed to take the form148

SB = Bm0X exp(m0νz) sin(m0z) (8)

where B is the vertically integrated heating anomaly, the quantity into which the ther-149

modynamics of the model will be incorporated. The quantity ν is a dimensionless pa-150

rameter, m0 = π/h, h is the height of the tropopause, and X = (1+ ν2)/[1 + exp(πν)].151

Varying ν from negative to positive values allows us to change the vertical heating152

profile from bottom-heavy to top-heavy as can be seen from figure 1. ν = 0 brings us153

back to the neutral or unperturbed heating profile and the results of RF07.154

The polarization relations for the buoyancy and the scaled moist entropy perturba-155
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tion obtained from the equations (4) and (6) respectively are156

b = (i/ω)(SB − ΓBw) (9)

e = (i/ω)(SE − ΓEw) (10)

where the x and t dependence take the form exp[i(kx − ωt)] with k and ω being the157

zonal wavenumber and frequency. The vertical wavenumber is m = kΓ
1/2
B /ω.158

The solution to the vertical velocity equation (7) using an upper radiation boundary159

condition is:160

w(z) =
m0BX

ΓBM+M−

[(

1 + Φ2ν2 − Φ2
)

exp (m0νz) sin (m0z)−

2νΦ2 exp (m0νz) cos (m0z) + (11)

2νΦ2 exp (−im0z/Φ)− M+Φexp (πν − iπ/Φ) sin(mz)]

where M+ = Φ2 + (νΦ + i)2 and M− = Φ2 + (νΦ− i)2. Substitution of (11) into (9)161

results in162
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b(z) =
im0BX

ακΦM+M−

[

(M+M− − 1− Φ2ν2 + Φ2) exp (m0νz) sin (m0z) +

2νΦ2 exp (m0νz) cos (m0z)− (12)

2νΦ2 exp (−im0z/Φ) +M+Φexp (πν − iπ/Φ) sin(mz)
]

where κ = hΓ
1/2
B k/(πα) is the dimensionless wavenumber and where Φ = ω/(ακ) =163

m0/m is the dimensionless phase speed.164

The thermodynamics of the model come into the equations via the vertically inte-165

grated heating anomaly which is assumed to depend on the scaled precipitation rate166

anomaly P and the radiative cooling rate anomaly R:167

∫ h

0

SBdz = B = P −R = α(1 + ε)

∫ h

0

q(z)dz + µCIN(es − et) (13)

The quantity α is a moisture adjustment rate. The variable ε incorporates the effect168

of cloud-radiation interactions which are assumed to cause a radiative heating anomaly169

in phase with precipitation (see Fuchs and Raymond, 2002).170

The first term on the right side of (13) is proportional to the precipitable water171

anomaly. The second term represents the effect of convective inhibition (CIN) on heat-172

ing. The quantity es is the scaled perturbation in boundary layer moist entropy, while173

et is a scaled threshold value of the perturbation moist entropy. The constant µCIN gov-174

erns the sensitivity of precipitation rate to deep convective inhibition. We set et equal175
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to the saturated moist entropy perturbation at elevation Dh, where D is this elevation176

expressed as a fraction of the tropopause height h. In the simplified thermodynamic177

scheme et is related to the buoyancy anomaly b(D) at elevation Dh, b(D) by178

et = λtb(D). (14)

The boundary layer moist entropy is subject to a balance primarily between a positive179

tendency due to surface moist entropy fluxes and a negative tendency due to convective180

downdrafts and turbulent entrainment of dry air into the boundary layer. In RF07181

it was expressed through the simplified assumption that stronger surface wind speeds182

cause increased surface evaporation, which results in enhanced boundary layer moist183

entropy anomaly es. In this paper we choose to show the results in the absence of184

wind-induced surface heat exchange (WISHE) which means that we can ignore this185

term. We show the results without WISHE to simplify the model equations; besides186

giving an eastward propagation speed to the moisture mode when mean easterlies are187

imposed, WISHE mechanism does not alter the model results significantly.188

Combining (9), (10) and (13) results in an equation for the vertically integrated189

heating B:190

B =
iκΦ + ε

1− iκΦ
µCINλtb(D) +

1 + ε

1− iκΦ
(1− ΓM)

∫ h

0

ΓBwdz (15)
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where ΓM is a version of the gross moist stability of Neelin and Held (1987) which we call191

the normalized gross moist stability (NGMS; Raymond and Sessions 2007; Raymond et192

al. 2009):193

ΓM =

∫ h

0

ΓEwdz

/
∫ h

0

ΓBwdz . (16)

The integral of the vertical velocity from (11) is:194

h
∫

0

w(z)dz =
B

ΓBM+M−

F (Φ) (17)

where195

F (Φ) = Φ2 − 3Φ2χ2 − 1 + 2iνXΦ3 [1− exp(−iπ/Φ)]+

XM+Φ
2 exp(πν − iπ/Φ) [1− cos(π/Φ)] (18)

and the integral that includes the variations in the scaled ambient moist entropy e0(z)196

that is assumed to take a piecewise linear form in the troposphere as in FR07 is:197

∫ h

0

ΓEwdz =
B∆eX

M+M−

J(H,Φ) (19)

where198
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J(H,Φ) = [H +H exp(πν)− 1] (1 + 3Φ2ν2 − Φ2)/
(

1 + ν2
)

−

ν(1 + Φ2ν2 − 3Φ2) exp(πHν) sin(πH)/
(

1 + ν2
)

−

(Φ2 − 3Φ2ν2 − 1) exp(πHν) cos(πH)/
(

1 + ν2
)

+ (20)

2iνΦ3 [H exp(−iπ/Φ)−H + 1− exp(−iπH/Φ)]−

Φ2M+ exp (πν − πi/Φ) [H − 1 + cos (πH/Φ)−H cos (π/Φ)] .

The NGMS can be expressed:199

ΓM =

∫ h

0

ΓEwdz

/
∫ h

0

ΓBwdz =
∆eJ(H,Φ)

XH(1−H)F (Φ)
. (21)

When |Φ|2 ≪ 1, as is true for all of the interesting modes studied here, it takes the200

form:201

ΓM ≈
∆e

H(1−H)

{

H −
1

1 + exp(πχν)
−

exp(πHν) [ν sin(πH)− cos(πH)]

1 + exp(πν)

}

(22)

The parameter H is the fractional height relative to the tropopause of the minimum in202

the ambient moist entropy profile and ∆e = ∆e0/hΓB is the scaled difference between203

the surface and tropopause values of moist entropy (assumed to be the same) and204

the minimum value at height Hh. Note that this approximate form (22) is real and205

independent of Φ, which means that ΓM can be treated as a constant external parameter206
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under these conditions.207

Applying the heating closure (13) and combining (11), (18), (15) and (14) results208

in the dispersion relation for the phase speed Φ:209

M+M− (κΦ + i) + 2χtX (ε+ iκΦ)L(D,Φ)/κΦ+

i(1 + ε)(1− ΓM)F (Φ) = 0. (23)

The dimensionless parameter χt = λtµCINm0/(2α) represents the sensitivity of precip-210

itation to the degree of convective inhibition while the auxiliary function L(D,Φ) is211

defined as:212

L(D,Φ) = (M+M− − 1− Φ2ν2 + Φ2) exp(πνD) sin(πD)+

2νΦ2 exp(πνD) cos(πD)− 2νΦ2 exp (−iπD/Φ)+

M+Φexp (πν − iπ/Φ) sin(πD/Φ).

(24)

The dispersion relation given by (23) is transcendental and has to be solved numerically213

using Newton’s method.214
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3 Analytical model results215

3.1 Control case216

The parameters used to calculate the dispersion curves in figure 2 were discussed at217

length in RF07 and their values are given in table 1. These parameters are: cloud-218

radiation interaction (CRI) parameter ε, scaled height of moist entropy minimum H ,219

scaled magnitude of entropy minimum ∆e, scaled height of CIN threshold layer D,220

sensitivity to convective inhibition χt and gross moist stability NGMS. The sensitivity221

to the vertical heating profile parameter is expressed via parameter ν. The control case222

has ν = 0 as in RF07 which means that the heating profile is unperturbed, i.e., neither223

top nor bottom-heavy.224

The upper panel of figure 2 shows the phase speed Re(ω/k) in meters per second225

while the bottom panel shows the growth rate Im(ω) in units of 1/day. The phase speed226

and the growth rate are shown as a function of planetary wavenumber l defined as the227

circumference of the earth divided by the zonal wavelength. There are 3 types of modes,228

one that corresponds to a fast gravity wave, eastward and westward propagating with a229

phase speed of 48 m/s and decaying, a convectively coupled gravity wave propagating230

eastward and westward with a phase speed of about 18 m/s and growing in time, and231

the moisture mode that is also growing in time. The convectively coupled gravity wave232

has a maximum growth rate for the planetary wavenumber l = 7 which together with233

the phase speed of 18 m/s agrees well with the observations (Wheeler and Kiladis,234

1999, Straub and Kiladis, 2002). The moisture mode is stationary when there are no235
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mean easterlies present and slowly propagates eastward in the presence of surface mean236

easterlies under the influence of WISHE (not shown here).237

From RF07 we know that the convectively coupled Kelvin wave is unstable due to238

variations in CIN correlated with convection, while the moisture mode is unstable due239

to cloud radiation interactions and negative gross moist stability, i.e. when the effective240

gross moist stability is negative.241

3.2 Variations in vertical heating and moisture profile242

We now explore how changes in the heating and moisture profiles affect the unstable243

modes from figure 2, i.e. the convectively coupled gravity wave and the moisture mode.244

The heating profile is varied from top-heavy to bottom-heavy by varying the nondi-245

mensional parameter ν. Positive ν corresponds to a top-heavy heating profile, negative246

to bottom-heavy, while ν = 0 corresponds to the unmodified heating profile of RF07.247

The values used are given in figure 1. The moisture profile is varied to yield different248

values of the gross moist stability for a fixed value of ν.249

Figure 3 shows convectively coupled gravity wave dispersion curves for different250

heating profiles. It is clear that the growth rate is highly dependent on the heating251

profile. The gravity mode is strongly unstable for the top-heavy heating profile while252

decaying for bottom-heavy one. The wavelength of the maximum growth rate shifts253

as well; for the top-heavy heating profile the maximum growth rate occurs at larger254

planetary wavenumber, l = 12, while in the control case it occurs at l = 7. The255

phase speed increases from 17m/s for the bottom-heavy to 21m/s for the top-heavy256
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heating profile. As the physical mechanism responsible for destabilizing the convectively257

coupled gravity wave is variations in CIN, we now vary χt while keeping the heating258

profile fixed. Figure 4 shows the dispersion curves for the top-heavy heating profile.259

Each curve corresponds to a different χt value; χt = 12 was the value taken in a control260

case. The mode is unstable for a range of χt values, i.e. for χt ≥ 1. The shift of261

the maximum growth rate to larger planetary wavenumbers is notable as χt values262

become larger. Varying the moisture profile via different values of NGMS shows that263

the unstable convectively coupled gravity waves are not sensitive to NGMS per se.264

However, they are more likely to occur when NGMS is positive since positive NGMS is265

generally correlated with the top-heavy heating profiles (see table 2).266

Figure 5 shows the growth rate of the moisture mode when the heating profile is267

varied and NGMS is fixed to ΓM = −0.1. We ignore CIN as unimportant to the268

development of the moisture mode. The moisture modes with the same NGMS develop269

regardless of the shape of the heating profile. This can be understood if we take the270

limit of non-dimensional phase speed |Φ2| ≪ 1, which is true for the moisture modes,271

from the equation (23). The dispersion relation (23) then approximately reduces to272

Φ = i (ε− ΓM) /κ and there is no direct dependence on the ν parameter, i.e. on the273

vertical heating profile. This is also consistent with the results obtained using the WTG274

approximation (Sobel et al., 2001); in the context of our model, WTG is equivalent to275

setting the buoyancy perturbation b = 0 in the governing equations. We conclude that276

when the effective NGMS, ΓM − ǫ, is less then zero, the moisture mode is unstable.277

Figure 6 shows the growth rate of the moisture mode when the moisture profile is278
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varied to change the NGMS and the heating profile is bottom-heavy. As expected,279

more negative NGMS values result in more unstable modes. To summarize, in the real280

atmosphere, unstable moisture modes are expected when effective NGMS is negative,281

with their growth rates becoming larger when effective NGMS is more negative (see282

table 2).283

3.3 Vertical structure284

Figure 7 shows the vertical structure of the eastward moving convectively coupled grav-285

ity wave in the x − z plane. The left and right panels show respectively the buoyancy286

anomalies at the planetary wavenumber of maximum growth rate for the unmodified287

heating profile and the top-heavy vertical heating profile. For both vertical heating288

profiles the characteristic boomerang structure with westward-tilting contours of pos-289

itive buoyancy anomaly in the low to middle troposphere and eastward tilt above is290

seen. This matches the findings from observations (Wheeler et al., 2000, Straub and291

Kiladis, 2002) and from cloud resolving numerical simulations (Peters and Bretherton,292

2006, Tulich et al., 2007). The westward tilting contours of buoyancy anomaly reach a293

bit higher in the case of top-heavy heating profile.294

Figure 8 shows the vertical structure of the moisture mode for planetary wavenumber295

l = 2 in the x − z plane. It shows the buoyancy anomalies and the convective heating296

for the unmodified and bottom-heavy heating profile. The buoyancy anomalies are in297

phase with heating as the mode is stationary and there is no tilted structure.298

The vertical structure of the moisture mode is very different from that of the con-299
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vectively coupled gravity wave. The buoyancy anomaly contours are arbitrary in figures300

7 and 8, but their ratio to the heating is fixed. We can use that ratio to evaluate the301

relative magnitude of the temperature anomaly between the two unstable modes. It302

turns out that the ratio between the buoyancy and heating for the convectively coupled303

Kelvin waves is an order of magnitude larger than for the moisture mode, confirming304

that in its essence the moisture mode is a weak temperature gradient mode (Sobel et305

al. 2001, Sobel and Bretherton, 2003).306

4 Numerical model307

The dynamical core of the numerical model follows the model of Raymond and Fuchs308

(2009). It is cast in sigma isentropic coordinates, i.e., the vertical coordinate is defined309

in terms of the potential temperature θ:310

σ = (θ − θB)/(θT − θB) (25)

where θT is the (constant) potential temperature at the top of the domain and θB is311

the (possibly variable) temperature at the bottom of the domain. When θB is taken to312

be constant, the vertical coordinate mimics isentropic coordinates. The model can be313

run on an f plane or on a β plane. It is periodic in the longitudinal direction, while314

in the latitudinal direction it can be either periodic or bounded by rigid walls (channel315

model). The top layer of the domain is a sponge layer. Its purpose is to absorb upward-316

moving waves, thus emulating an upward radiation boundary condition. Though the317
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dynamics of the model are fully nonlinear we only analyze results with small amplitude318

flow perturbations, making the model effectively linear. For further information on the319

dynamics, see Raymond and Fuchs (2009).320

The thermodynamics of the model is similar to that of the analytical model described321

above. Since the implementation of the thermodynamics is done in the context of a322

non-Boussinesq numerical calculation, we repeat the presentation in the new context.323

The perturbation precipitation is calculated from:324

P = α(W −Wm)− µcin

(

ρRCp

L

)

[θ
′

es(d)− θ
′

e(0)]. (26)

W is the precipitable water and Wm is the vertical mean value of this quantity. If325

precipitable water is bigger than the mean precipitable water, the result is a positive326

rainfall perturbation and vice versa. The quantity α is the moisture relaxation constant327

that regulates the strength of the precipitable water control on the rainfall as in the328

analytical model. θ
′

es(d) is the perturbation saturated equivalent potential temperature329

above the boundary layer at height d and θ
′

e(0) is perturbation of equivalent potential330

temperature at the surface. Note that in the analytical model we use the moist entropy331

perturbation while in the numerical model we use the equivalent potential temperature332

perturbation. In all other aspects the precipitation closure is the same. The parameter333

µCIN governs the sensitivity of precipitation rate to CIN and ρR is the air density of334

boundary layer air.335

The vertical profile of the heating, i.e., the potential temperature perturbation336

source, takes the form:337
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Sθ = B sin(m0z) exp (νz)

/
∫ σt

0

η(σ) sin(m0z) exp (νz) dσ , (27)

where the vertically integrated heating is338

B = L(P −R)/Cp, (28)

with R being the radiative cooling perturbation. As in the analytical model, it is339

assumed to be proportional to minus the moisture-induced precipitation rate:340

R = −εα(W −Wm). (29)

The parameter ε is called cloud-radiative feedback parameter and for our numerical341

simulations it takes the value of 0.2 as is the case in the analytical model. The parameter342

m0 = π/h, where h is the depth of the troposphere, η is the density in the sigma343

isentropic coordinate system and z is the geometrical height. The skew parameter ν344

determines the height at which the maximum heating perturbation will occur. For345

ν = 0 it takes form of the first baroclinic mode, as in the analytical model.346

The moisture perturbation source is:347

Sr = (E − P ) exp(−z/zq)

/
∫

1

0

η exp(−z/zq)dσ , (30)

where zq is the scale height of water vapor. E stands for evaporation rate anomaly and it348

is parametrized to be proportional to the background zonal wind in the boundary layer.349

However, the simulation results presented in this paper are done with zero background350
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wind and therefore the surface fluxes are shut off (E = 0). As a consequence, θ
′

e(0) in351

equation (26) is equal to zero and the CIN variations are entirely due to variations in352

the saturated equivalent potential temperature above the boundary layer.353

As noted above, there are two distinct mechanisms that are responsible for the two354

unstable modes of RF07. One is associated with variations of CIN, mainly variations355

of the saturated equivalent potential temperature or the saturated moist entropy just356

above the boundary layer. The other mechanism is related to small or negative GMS.357

For the analysis in the numerical model we use a normalized form of the gross moist sta-358

bility (NGMS) from Raymond et al. (2009) defined in the sigma isentropic coordinates359

as360

ΓR = −
Cp

∫

1

0
ηSσ(∂θe/∂σ)dσ

L
∫

1

0
ηSσ(∂rt/∂σ)dσ

(31)

where rt is the total mixing ratio and Sσ = dσ/dt is the vertical velocity in the vertical361

coordinate of the numerical model. As Raymond et al. (2009) show, this form of362

the NGMS is essentially equivalent to (16). Furthermore, both are equivalent to the363

NGMS used by Raymond and Fuchs (2009) when the horizontal advection of equivalent364

potential temperature and moisture are neglected, as is justified in the linearized models365

used in this paper.366

From (31) it is evident that a change in either the heating or the moisture profile367

will change the value of NGMS. Figure 9 shows the variety of heating perturbation368

profiles (left panel) and moisture perturbation profiles (right panel) used for the sim-369

ulations. The values are scaled, but show the height at which the maximum heating370
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perturbations occur and how slowly the mixing ratio decreases with height. The height371

of the troposphere is taken to be 15km. Note that some of the moisture profiles that are372

used are idealized, in a sense that such slow decreases of the water vapor with height373

are impossible in the earth’s atmosphere, as supersaturation would occur in the upper374

troposphere. We use them only to obtain a wide range of NGMS values.375

As we compare the results of the numerical model with the results from the analytical376

model, two things should be noted about their differences. First, the dynamics of377

the two models are different; the analytical model uses the Boussinesq approximation,378

while the numerical model represents the full set of primitive equations. Second, the379

solution methods are different. In particular, for given values of the CIN parameter380

and NGMS, the analytical model calculates a dispersion relation. Thus, the growth381

rates and the phase speeds are calculated for a range of wavenumbers. In the numerical382

model the wavenumber cannot be externally specified, and a dispersion curve cannot be383

constructed. A numerical solution for given heating and moisture profiles gives only the384

most unstable mode, i. e., the peak of the dispersion curve. We find that the wavelength385

and the period of the resulting disturbances are sensitive to the spatial resolution of the386

model, and are therefore not very robust. However, the phase speeds and the growth387

rates of modes are not sensitive to model details, which gives us more confidence in the388

results for these parameters. Thus, for the purpose of comparing the numerical and389

analytical model results we use the phase speed and the growth rate.390

Each numerical simulation is initiated by applying random density perturbations.391

The model is then run for three and a half months. The initial perturbations are very392
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small (fractional density 10−6) in order to allow the most unstable modes to emerge393

while maintaining linearity. For this reason, disturbances take a long time to develop394

and the simulations have very long run-times. The analysis is restricted to periods with395

small amplitudes of the resulting disturbances.396

5 Numerical model results397

5.1 Two-dimensional cases398

In this section we make comparisons between the analytical and numerical model re-399

sults. The numerical model is run in two-dimensional, non-rotating mode with zero400

background wind. The computational domain is 12000 km in the horizontal and 22401

km in the vertical, with the tropopause set to 15 km. The horizontal grid size is 100402

km and 40 levels equally spaced in σ are defined in the vertical. A time step of 100 s403

is used. The vertical gradient of the potential temperature dθ/dz is the same in both404

the troposphere and stratosphere and is taken to be 3.3 K/m, which corresponds to a405

Brunt–Väisälä frequency of 10−2 s−1. The rest of the parameters are the same as in406

the analytical model, shown in table 1. A series of simulations is performed where each407

simulation has a prescribed unique combination of the heating and moisture profiles408

shown in figure 9.409

The first set of simulations corresponds to the case in which only CIN variations are410

allowed, i. e., α = 0. In the analytical model this set of parameters produces only con-411

vectively coupled gravity waves. The same holds true for the numerical model results.412
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Figure 10 shows the phase speed and growth rate of the most unstable convectively cou-413

pled gravity wave as a function of the height of the level of maximum heating rate. The414

lines indicate least-squares fits to the numerical results. As in the case of the analyti-415

cal model, the phase speed and growth rate both increase with the level of maximum416

heating. This demonstrates that convectively coupled gravity waves are favored by417

top-heavy convective heating profiles. The results presented in this case are insensitive418

to changes in the moisture profiles. This demonstrates that the convectively coupled419

gravity waves are insensitive to changes in the NGMS, since this quantity depends on420

both the environmental moisture profile (via its effect on the moist entropy profile) and421

on the heating profile. This invariance is explained by (26). Provided that α = 0, only422

changes in the saturated equivalent potential temperature above the boundary layer423

should affect the characteristics of the resulting modes. Since θes at this level is only a424

function of temperature, varying the mixing ratio does not change the result.425

Another set of simulations was done to determine how sensitive the wave character-426

istics are to changes in the parameter µCIN (results not shown). All the runs had the427

same top-heavy heating profile, but different values for µCIN . For larger values of µCIN428

the resulting gravity waves had larger growth rates but the same phase speed, which429

agrees with the results from the analytical model.430

An analogous series of simulations was performed with α 6= 0 and µCIN = 0. In cases431

where the NGMS is very small or negative, moisture modes develop. They are always432

stationary, provided that there is no background flow. The growth rates of these modes433

depend only on the NGMS. Thus, in two simulations initiated with different heating434
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and moisture profiles but the same NGMS, moisture modes with the same growth rates435

develop. Generally, for physically realistic moisture profiles, bottom-heavy heating436

profiles must be invoked to produce negative NGMS.437

Figure 11 gives the growth rate of the moisture mode as a function of NGMS. As438

the figure shows, simulations with more negative NGMS result in moisture modes with439

faster growth rates. There are no developing moisture modes in simulations with NGMS440

larger then 0.04.441

Simulations initiated with a top-heavy heating profile in this case sometimes pro-442

duce weakly intensifying convectively coupled gravity waves even though µCIN = 0.443

The destabilizing mechanism for these modes is rather mysterious. Top-heavy heating444

profiles exhibit large positive NGMS values and therefore the mechanism that drives445

moisture modes is absent. In addition the CIN control is explicitly turned off. Fur-446

thermore, when CIN control is gradually introduced, these modes evolve into normal447

convectively coupled gravity modes. We suspect that these modes are destabilized as448

a result of inaccuracies in their numerical representation, but we have been unable449

to track down the exact mechanism. In any rate, their growth rates are significantly450

smaller than the convectively coupled modes which develop when µCIN 6= 0.451

Simulations where both the precipitable water anomaly and the CIN parameter are452

allowed to control the precipitation perturbation were performed (results not shown).453

Bottom-heavy heating profiles resulted in unstable moisture modes while top-heavy454

heating profiles led to unstable convectively coupled gravity waves. More precisely,455

gravity modes occur when the NGMS is positive and moisture modes prevail when it456
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is negative.457

5.2 Three-dimensional cases458

Three-dimensional simulations were investigated to extend the reach of our analytical459

model to the case of a rotating environment. We are interested in whether any funda-460

mentally new types of unstable modes appear in three dimensions, and how the third461

dimension changes the characteristics of the modes we see in two dimensions.462

The model is run in channel mode on an equatorial beta plane. The domain size463

is 12000 km in longitudinal direction, 6000 km in the latitudinal direction, centered on464

the equator, and 22 km in the vertical with the tropopause at 15 km. The horizontal465

resolution is 100 km in both directions, there are 40 levels in the vertical and the time-466

step is 0.1 ks. Throughout the troposphere the Brunt–Väisälä frequency is 10−2 s−1
467

and 1.4 × 10−2 s−1 in the stratosphere. There are sponge layers on the north-south468

boundaries and a cyclic boundary condition is applied in the east-west direction. A469

sponge layer also exists at the top of the domain as in the two-dimensional simulations.470

For all the simulations the sea surface temperature is constant in space and time. We471

examine linear perturbations on a base state at rest.472

To analyze the behavior of convectively coupled gravity waves in three dimensions,473

we perform a series of simulations with µCIN 6= 0 and α = 0. The parameters used474

for the three dimensional calculation are the same as in two-dimensional case. The475

convectively coupled waves take on the latitudinal structure of equatorial Kelvin waves476

moving to the east as figure 12 shows. As expected, there is no westward-moving477
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wave component. The phase speeds and the growth rates are similar to those in the478

two-dimensional case. As in the two-dimensional case, the waves are most unstable479

and propagate most rapidly with top-heavy heating profiles. The Kelvin wave in the480

illustrated case has a wavelength of about 7000 km, a latitudinal scale of about 1000481

km, a propagation speed of roughly 22 m/s, and a growth rate of approximately 0.45482

day−1. The vertical structure is similar to that obtained from the analytical model,483

figure 13.484

The results for the moisture mode in three-dimensional calculations are more com-485

plex than in the two-dimensional case (see figure 14). The two-dimensional results are486

similar to those from the analytical model, with the heating and potential temperature487

anomalies in phase. This does not occur in the three-dimensional calculations, most488

likely due to the beta effect. The vertical structure of the temperature anomaly dif-489

fers somewhat between the analytical and numerical results. However, consistent with490

WTG, the magnitude of the temperature anomaly is very small in both cases. The491

three-dimensional case requires further investigation.492

6 Conclusions493

In RF07 we demonstrated that two types of large-scale tropical modes, convectively494

coupled gravity waves and moisture modes, arise from two different convective forc-495

ing mechanisms, namely, coherent variations in CIN correlated with convection and a496

moisture feedback mechanism associated with small or negative values of gross moist497

stability. This work is highly idealized in the sense that the vertical heating profile is498
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specified to have a sinusoidal, first baroclinic mode shape, suggesting that the essential499

dynamics of these modes are determined more by the gross atmospheric response to500

heating rather than the detailed structure of the heating pattern.501

In the present work we extend these results to the case in which the heating profile502

ranges from top-heavy to bottom-heavy, with maximum heating in the upper and lower503

troposphere respectively. We demonstrate that top-heavy heating profiles favor con-504

vectively coupled gravity waves whereas bottom-heavy profiles favor moisture modes.505

The results regarding convectively coupled waves are in agreement with those of Kuang506

(2010) and Tulich and Mapes (2010). These authors characterize their convective con-507

trol as a “shallow CAPE”, but this is physically very similar to our “deep CIN”.508

The moisture modes respond more to the value of the NGMS than to the shape509

of the heating profile per se. Bottom-heavy heating profiles favor the moisture mode510

simply because those profiles tend to produce small values of NGMS. However, the511

imposition of unrealistic thermodynamic structures which result in small NGMS even512

with top-heavy heating profiles produces moisture mode instability, demonstrating that513

NGMS is the real controlling factor.514

In addition to the new analytical results, we have also made two and three-dimensional515

numerical calculations on an equatorial beta plane using a numerical implementation of516

our analytical convective heating model. The two-dimensional calculations are mostly in517

agreement with the analytical results. Minor discrepancies are probably attributable to518

differences in model dynamics (full primitive equations vs. Boussinesq approximation)519

and the inevitable errors that arise from modeling a continuous process on a finite grid.520
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In three dimensions the convectively coupled gravity waves become convectively cou-521

pled equatorial Kelvin modes with their characteristic structure. The moisture modes522

take on a complex structure in the three-dimensional case, which we do not investigate523

further here.524
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List of Tables635

1. Control case: non-dimensional free parameters used in calculation of the disper-636

sion relation 23.637

2. NGMS values ΓM from equation (22) for different vertical heating profiles and for638

different height levels of the minimum moist entropy.639
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Table 1: Control case: non-dimensional free parameters used in calculation of the
dispersion relation 23.

Parameter Value Comment
ε 0.2 cloud-radiation interaction
H 0.5 scaled height of moist entropy minimum
∆e 0.26 scaled magnitude of entropy minimum
D 0.17 scaled height of CIN threshold layer
χt 12 sensitivity to stable layers
ΓM 0 gross moist stability
ν 0 sensitivity to vertical heating profile
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Table 2: NGMS values ΓM from equation (22) for different vertical heating profiles and
for different height levels of the minimum moist entropy.

ν \H 1/3 1/2 2/3
0.5 0.21 0.14 0.04
0 0.1 0 -0.1

-0.5 -0.04 -0.14 -0.21
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List of Figures640

1. Scaled heating profile as a function of scaled height for different values of ν.641

Negative ν produces bottom-heavy heating profiles while positive ν produces top-642

heavy profiles.643

2. Real part of phase speed (upper panel) and imaginary part of frequency (lower644

panel) for control case (see table 1). The solid lines show convectively coupled645

gravity waves, dotted lines show fast gravity waves, and dashed lines show the646

moisture mode.647

3. Convectively coupled gravity wave for top, unmodified and bottom-heavy heating648

profile.649

4. Convectively coupled gravity wave for different χt values for top-heavy vertical650

heating profile.651

5. Growth rate of the moisture mode for fixed NGMS = −0.1 for different heating652

profiles, χt = 0.653

6. Growth rate of the moisture mode for different NGMS values for bottom-heavy654

heating profile.655

7. Heating anomaly and buoyancy perturbation for the convectively coupled gravity656

wave. Shading represents the heating anomaly, light shading positive and dark657

shading negative. Contours represent the buoyancy anomaly, solid lines positive658
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and dashed lines negative. Left panel shows the unmodified heating profile and659

right panel shows top-heavy vertical heating profile.660

8. As in figure 7, heating anomaly and buoyancy perturbation, only for the moisture661

mode. Left panel shows the unmodified heating profile and right panel shows662

bottom-heavy vertical heating profile.663

9. Scaled heating (left panel) and moisture (right panel) profiles as a function of664

height used for numerical model runs.665

10. Left panel shows the phase speed for the convectively coupled gravity waves as a666

function of maximum heating height while right panel shows their growth rate.667

11. Growth rate for a moisture mode as a function of NGMS.668

12. Convectively coupled Kelvin wave: left panel shows a snapshot of rainfall pertur-669

bations at the surface while right panel shows Hövmoller diagram of rainfall at670

the equator. The bold lines are zero contours, solid lines represent positive values671

and dashed lines represent negative values.672

13. Vertical structure of the convectively coupled Kelvin wave along the equator in673

the numerical model. The heating anomaly is given in shading and potential674

temperature perturbation in contours. Light shading represents positive heating675

anomaly and dark negative. Solid contours represent positive potential tempera-676

ture anomalies and dashed contours negative anomalies.677
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14. Heating anomaly and potential temperature as in figure 13, except for the mois-678

ture mode. The left panel shows vertical structure of the moisture mode in the679

two-dimensional case. The right panel shows the vertical structure along the680

equator in the three-dimensional case.681
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Figure 1: Scaled heating profile as a function of scaled height for different values of ν.
Negative ν produces bottom-heavy heating profiles while positive ν produces top-heavy
profiles.
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Figure 2: Real part of phase speed (upper panel) and imaginary part of frequency
(lower panel) for control case (see table 1). The solid lines show convectively coupled
gravity waves, dotted lines show fast gravity waves, and dashed lines show the moisture
mode.
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Figure 3: Convectively coupled gravity wave for top, unmodified and bottom-heavy
heating profile.
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Figure 4: Convectively coupled gravity wave for different χt values for top-heavy vertical
heating profile.
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Figure 5: Growth rate of the moisture mode for fixed NGMS = −0.1 for different heating
profiles, χt = 0.
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Figure 6: Growth rate of the moisture mode for different NGMS values for bottom-
heavy heating profile.
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Figure 7: Heating anomaly and buoyancy perturbation for the convectively coupled
gravity wave. Shading represents the heating anomaly, light shading positive and dark
shading negative. Contours represent the buoyancy anomaly, solid lines positive and
dashed lines negative. Left panel shows the unmodified heating profile and right panel
shows top-heavy vertical heating profile.
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Figure 8: As in figure 7, heating anomaly and buoyancy perturbation, only for the
moisture mode. Left panel shows the unmodified heating profile and right panel shows
bottom-heavy vertical heating profile.
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Figure 9: Scaled heating (left panel) and moisture (right panel) profiles as a function
of height used for numerical model runs.

682

52



17 18 19 20 21 22 23 24
phase speed  [m/s]

6

7

8

9

10

11

he
ig

ht
 o

f m
ax

im
um

 h
ea

tin
g 

 [k
m

]

0.0 0.2 0.4 0.6 0.8
growth rate  [1/day]

6

7

8

9

10

11

he
ig

ht
 o

f m
ax

im
um

 h
ea

tin
g 

 [k
m

]

Figure 10: Left panel shows the phase speed for the convectively coupled gravity waves
as a function of maximum heating height while right panel shows their growth rate.
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Figure 11: Growth rate for a moisture mode as a function of NGMS.
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Figure 12: Convectively coupled Kelvin wave: left panel shows a snapshot of rainfall
perturbations at the surface while right panel shows Hövmoller diagram of rainfall at
the equator. The bold lines are zero contours, solid lines represent positive values and
dashed lines represent negative values.
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Figure 13: Vertical structure of the convectively coupled Kelvin wave along the equator
in the numerical model. The heating anomaly is given in shading and potential tem-
perature perturbation in contours. Light shading represents positive heating anomaly
and dark negative. Solid contours represent positive potential temperature anomalies
and dashed contours negative anomalies.
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Figure 14: Heating anomaly and potential temperature as in figure 13, except for the
moisture mode. The left panel shows vertical structure of the moisture mode in the
two-dimensional case. The right panel shows the vertical structure along the equator
in the three-dimensional case.
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